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ChUGNG 1 

BAT DANG THtfC HlNH HOC 


SiC sung sUdng khi ai do chdng minh mot bai toan cung nhiC khi chinh tdi chdng minh no vay. E. 
Landau 


1.1 Phep the Ravi 

Nhieu bat dang thrfc dtfdc ddn gian hoa bang cac phep the thfch hdp. Chung ta bat dau vdi 
bat dang thrfc hlnh hoc co dien. Bat dang thrfc hlnh hoc khong tarn thicdng dau tien 1 la gi 
nhi ? Vao nam 1746, Chappie da cluing minh rang 

Dinh ly 1.1.1. (Chappie 1746, Euler 1765) Cho R va r la cac ban kmh drtdng trdn 
ngoai tiep va noi tiep tam giac ABC. Khi do, ta co R > 2r va dau dang thtic xay ra khi va 
chi khi AABC la tam giac deu. 

Chting minh. Cho BC = a, CA = b, AB = c, s = * 0 ? va S = [ABC] 2 Ta nhd lai dong 
nhat thitc: S=%l,S = rs, S 2 = s(s — a)(s — b)(s — c). Vi vay, R > 2r trfdng drfdng vdi 
^ > 21 hay abc >8^ hay abc > 8(s — a)(s — b)(s — c). Ta can chdng minh dieu khang 
dinh sau. □ 

Dinh ly 1.1.2. ([AP], A. Padoa) Cho a, b, c la cac canh cua mot tam giac. Khi do, ta co 
abc > 8(s — a)(s — b)(s — c ) hay abc > (b + c — a)(c + a — b)(a + b — c) 
dau dang thde xay ra khi va chi khi a = b = c. 

Chting minh. Ta sri dung phep the Ravi : Vi a, b, c la cac canh cua tam giac, nen ton tai cac 
so thitc drfdng x, y , z sad cho a = y + z, b = z + x, c — x + y. (Tai sao vay?) Khi do, bat 
dang thrfc da cho trd thanh (y + z)(z + x)(x + y) > 8 xyz vdi x, y, z > 0. Tuy nhien, ta lai 
drfdc 

(y + z)(z + x)(x + y) — 8 xyz = x(y — z) 2 + y(z — x) 2 + z(x — y) 2 > 0. 

□ 

Bai tap 1. Cho ABC la mot tam giac vuong. Chdng to rang 

R>( 1 + V2)r. 

Khi nao dang thde xay ra ? 

1 Bat dang tliifc hinh hoc dau tien la bat dang thu’c tam giac : AB + BC > AC 
2 Trong tap sach nay, [P] ky hieu la dien tich cua da giac P. 
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That tit nhien khi hoi rang bat dang thrfc trong dinh ly 2 co xay ra khong khi cac so thrfc 
drfdng tuy y a, b, c? Dung vay ! Co the chrfng minh bat dang thrfc ma khong can them dieu 
kien a, b , c la cac canh cua mot tarn giac: 

Dinh ly 1.1.3. Cho x,y, z> 0. Khi do, ta co xyz > (y + z — x)(z + x— y)(x + y — z). Dau 
dang thtic xay ra khi x — y = z. 

Chdng minh. Vi bat bat dang thrfc doi xring theo cac bien, khong mat tinh tong quat, ta 
gia sd x > y > z. Khi do, ta co x + y > z va z + x > y. Neu y + z > x, thi x, y, z la chieu 
dai cac canh cua mot tarn giac. Trong trrfdng hop nay, bang dinh ly 2, cho ta ket qua. Bay 
gid, ta co the gia sit rang y + z < x. Khi do, xyz > 0 > (y + z — x) (z + x — y) (x + y — z). □ 

Bat dang thrfc trong dinh ly 2 xay ra khi mot trong cac x, y, z bang 0: 

Dinh ly 1.1.4. Cho x, y, z > 0. Khi do, ta co xyz > (y + z — x)(z + x — y)(x + y — z). 
Chdng minh. Vi x, y, z > 0, ta co the tim drfdc day s6 ducing {x n }, {y n }, {z n } vdi 
lim x n — x , lim y n = y, lim z n = z. 

Ap dung dinh ly 2, suy ra 

XnVnZn > (Vn + Z n — X n )(z n + X n — y n )(x n + y n — Z n ). 

Bay gid, lay gidi han ca hai phia, ta drfdc ket qua. 

□ 

R6 rang, bat dang thrfc xay ra khi x — y = z. Tuy nhien, xyz = (y+z—x)(z+x—y)(x+y—z) 
va x, y, z > 0 khong dam bao rang x — y — z. Thrfc vay, vdi x,y,z > 0, bat dang thrfc 
xyz = (y + z — x)(z + x — y)(x + y — z) trfdng drfdng vdi 

x = y — z hay x — y,z — 0 hay y = z,x — 0 hay z — x,y = 0. 

Ta cd kiem tra ngay rang 

xyz- (y + z-x)(z + x-y)(x + y-z) = x(x - y)(x - z) + y(y - z)(y - x) + z(z - x)(z - y). 
Vi vay, dinh ly 4 la mot trrfdng hdp dac biet cua bat dang thrfc Schur. 

Bai toan 1. (IMO 2000/2, Titu Andreescu de nghi) Cho a,b,c la cac so dvtdng sao 
cho abc = 1. Chitng minh rang 



Cach gidi 1. Vi abc = 1, ta thrfc hien thay the a = -, b — c = ^ vdi x, y, z > 0. 3 Ta viet 
lai bat dang thrfc da cho drfdi dang cua x, y, z : 

(jj ~ 1 + ~ t4 ~ 1 + ^ < 1 ^ xyz > (y + z - x)(z + x - y)(x + y - z). 

□ 

3 Cho vi du, lay x = 1, y = ^, z = ^. 
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Phep the Ravi rat thfch hop doi vdi cac bat dang thtfc vdi cac canh a, b, c cua tam giac. 
Sau khi sd dung phep the Ravi, ta co the bo di dieu kien chung la cac canh cua mot tam 
giac. 

Bai toan 2. (IMO 1983/6) Cho a, b, c la cac canh cua mot tam giac. Chitng minh rang 
a 2 b(a — b) + b 2 c(b — c) + c 2 a(c — a) > 0. 

Cach giai 1. Sau khi dat a = y + z, b = z + x, c — x + y vdi x, y, z > 0, no trd thanh 

x 2 y 2 2 2 

x 3 z + y 3 x + z 3 y > x 2 yz + xy 2 z + xyz 2 hay-h — H-> x + y + z, 

y z x 

Th bat dang thdc Cauchy-Schwarz 

(y-z~x) (^ + t + -)>(x + y + z) 2 . 

\y z x J 

□ 

Bai tap 2. Cho a, b, c la cac canh cua mot tam giac. Chitng to rang 
a b c 

7 - 1 - 1 - 7 < 2 . 

b + c c + a a + b 

Bai tap 3. (Darij Grinberg) Cho a, b, c la cac canh cua mot tam giac. Chitng minh bat 
dang thitc 

a 3 + b 3 + c 3 + 3 abc — 2 b 2 a — 2 c 2 b — 2 a 2 c > 0, 
va 

3a 2 b + 3 b 2 c + 3c 2 a — 3 abc — 2 b 2 a — 2 c 2 b — 2 a 2 c > 0. 

Bay gid ta noi den bat dang thtfc Weitzenbock va cac bat dang thdc lien quan. 

Bai toan 3. (IMO 1961/2, bat ddng thtfc Weitzenbock) Cho a, b, c la cac canh cua 
mot tam giac vdi dien tich S. Chitng to rang 

a 2 + b 2 + c 2 > dVsS. 

Giai. Viet a — y + z, b = z + x, c — x + y vdi x, y, z > 0. Dieu nay trfdng ditdng 
((y + z) 2 + (z + x) 2 + (x + y) 2 ) 2 > 48(x + y + z)xyz, 
co the suy ra ttf bat dang tliilc sau: 

((y + z) 2 + (z + x) 2 d- {x + y) 2 ) 2 > 16 (yz + zx + xy) 2 > 16 • 3 (xy ■ yz + yz ■ zx + xy ■ yz). 
O day, chung ta sil dung bat dang thtfc p 2 + q 2 > 2 pq va (p + q + r) 2 > 3 (pq + qr + rp). □ 

Dinh ly 1.1.5. (bat ding thdc Hadwiger-Finsler) Bat ky tam giac ABC vdi cac canh 
a, b, c va dien tich F, bat dang thitc sau day xay ra. 

2 ab + 2 be + 2 ca — (a 2 + b 2 + c 2 ) > 4\/3 F. 
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Chting minh 1. Sau khi there hien phep the a = y + z, b = z + x, c = x + y, trong do 
x,y,z > 0, no trd thanh 

xy + yz + zx > \J?>xyz(x + y + z), 

ta suy ra th dang thilc 


(xy + yz + zx ) 2 


3 xyz(x + y + z) 


(xy — yz ) 2 + (yz — zx ) 2 + (zx — xy ) 2 
2 


Chting minh 2. Chung ta sit dung tfnh chat ham loi. Co nhieu each dan den dang thilc sau: 


2 ab + 2 be + 2 ca - (a 2 + b 2 + c 2 ) 


ABC 

- tan-h tan-1- tan —. 

2 2 2 


Vi tan x la ham loi tren (0, f), Bat dang there Jensen chhng to rang 


2 ab + 2 be + 2 ca — (a 2 + b 2 + c 


Tsintsifas da chilng minh bat dang there tong quat cua bat dang there Weitzenbock va bat 
dang thilc Nesbitt. 

Dinh ly 1.1.6. (Tsintsifas) Chop,q,r la cac so thitc dttctng va cho a,b,c ky hieu cac canh 
mot tarn giac vdi dien tich F. Khi do, ta co 


P 

q + 


~^—b 2 + -^—c 2 > 2V3F. 

r + p p + q 



((q + r) + (r + p) + (p + q)) ( 1 a 2 H-— b 2 H-— c 2 ^ > (a + b c) 2 . 

\q + r r + p p + q ) 

Tuy nhien, dieu nay nit ra til bat dang thilc Cauchy-Schwarz. □ 

Dinh ly 1.1.7. (bit ding thilc Neuberg-Pedoe) Cho &i, C\ ky hieu cac canh cua tarn 
giac AiBiC^ vdi dien tich F x . Cho a 2 ,b 2 ,c 2 ky hieu cac canh cua tarn giac A 2 B 2 C 2 vdi dien 
tich F 2 . Khi do, ta co 

C*l 2 (& 2 2 + C 2 2 — C* 2 2 ) + b\ 2 (c 2 2 + 02 2 — b 2 2 ) + C\ 2 (a 2 2 + b 2 2 — C 2 2 ) > 16FiF 2 . 
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No co phai la bat dang thilc tong quat cua bat dang thilc Weitzenbock’s.(Tai sao?) Trong 
[GC], G. Chang da cluing minh bat dang thilc Neuberg-Pedoe bang viec sil dung so philc. 
Vdi cac nhan dinh bang hlnh hoc va cac chilng minh bat dang thilc Neuberg-Pedoe, xem 
trong [DP] hay [GI, trang.92-93]. O day, chung ta drfa ra ba each chilng minh dai so. 

Bo de 1.1.1. 

ai 2 (a 2 2 + b 2 2 - c 2 2 ) + b 2 {b 2 2 + c 2 - a 2 2 ) + ci 2 (c 2 2 + a 2 - b 2 ) > 0. 

Chilng minh. Hay quan sat rang no trfdng drfdng 

(oq 2 + b 2 + ci 2 )(a 2 2 + b 2 + c 2 2 ) > 2(ai 2 a 2 2 + b 2 b 2 + ci 2 c 2 2 ). 

Th edng thilc Heron, ta thay rang, vdi i = 1, 2, 

16-Fj 2 = ( a 2 + b 2 + q 2 ) 2 — 2 (a^ 4 + bf + q 4 ) > 0 hay a 2 + b 2 + q 2 > y^cq 4 + bf + q 4 ) . 
Bat dang thilc Cauchy-Schwarz noi rang 

(ai 2 +6i 2 4*% 2 )(a 2 2 +6 2 2 +c 2 2 ) > 2 yj (ai 4 + bi 4 -Pci 4 )(a 2 4 + & 2 4 + c 2 4 ) > 2(ai 2 a 2 2 +6i 2 6 2 2 +ci 2 c 2 2 ). 

□ 

Chilng minh 1. ([LC1], Carlitz) Th bo de, ta drfdc 

L = a 2 {b 2 2 4* c 2 2 - a 2 2 ) + &i 2 (c 2 2 + a 2 2 - b 2 2 ) + Ci 2 (a 2 2 + b 2 2 - c 2 2 ) > 0, 

Vi the, ta can chilng to rang 

L 2 - (16Fi 2 )(16F 2 2 ) > 0. 

Ta de dang kiem tra dang thilc sau 

L 2 - (16Fi 2 )(16F 2 2 ) = -4 (UV + VW + WU ), 


trong do 

U = b\ 2 c 2 2 — b 2 2 c i 2 , V = q 2 a 2 2 — c 2 2 ai 2 va W = a\ 2 b 2 2 — a 2 2 b\ 2 . 
Sil dung dang thilc 


2 l * 

ai 2 U + b x 2 V + Cl 2 VP = 0 hay W = - X -U - -^V, 


c i c i 


ta co the dan ra rang 


uv + vw + wu = -K(u - Cl2 - "4 6 -V V - 4a ~ V - ^ V 


2ai 2 


Suy ra 


UV + VW + WU = — C[U 

Cl 9 


oq 2 / q 2 — ai 2 — b 


2_^2_l2 \ 2 


4ai 2 q 2 


16Fi 2 


2m 2 V ) 4 ai 2 ci 2 ^ -°' 
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Carlitz thay rang bat dang thrfc Neuberg-Pedoe co the rut ra tit bat dang thrfc Aczel. 

Dinh ly 1.1.8. (bat dang thute Aczel) Cho a 4 , ■ ■ ■ ,a n ,bi,--- ,b n la cac so thiCc ditdng 
thoa man 

a\ 2 > a 2 +-b a 2 va b 4 2 > b 2 2 H-b b 2 . 

Khi do, ta co 

d\b\ — (a 2 b 2 + ‘ ‘ ^ \J{ a l 2 — 2 2 + ' ' ' + 0>n 2 )) (^l 2 — ( b 2 2 + • • • + & n 2 )) 

CMng minh. ([AI]) Tif bat dang thiic Cauchy-Schwarz 

aibi > \J(a 2 2 + • • • + a n 2 )(b 2 2 + ■ • • + b n 2 ) > a 2 b 2 + • • • + a n b n . 

Khi do, bat dang thrfc tren trfdng drfdng 

(«i&i — (a 2 b 2 + • • • + CL n b n )) 2 > («i 2 — (a 2 2 + ■ • • + n n 2 )) (^i 2 — (& 2 2 #•••• + & n 2 )) • 

Trong trrfdng hdp ai 2 — (a 2 2 H-b a n 2 ) = 0, no tarn thrfdng. Vi vay, bay gid ta gia sii rang 

Gti 2 — (o 2 2 H-+ a n 2 ) > 0. Dieu nay lam ta nghl den da thrfc bac hai sau 

P(x) = (aix—bi) 2 —^2( a i x —bi) 2 = ^ai 2 — x 2 +2 ^ 'a\b\ — x+ ^>i 2 — b 2 

W P(^) = — yy_ 2 — b^j <0 va vi he so cua x 2 trong da thrfc bac hai P la so 

drfdng, P co it nhat mot nghiem thrfc. Vi the, P co biet thrfc khong am. Suy ra 

^2 ^ai&i — ^ aibi'j ^ — 4 ^ai 2 — ^ a* 2 ^ ^>i 2 — ^ b 2 ^ > 0. 

□ 

Chvtng minh 2 cua bat dang thiCc Neuberg-Pedoe. ([LC2], Carlitz) Ta viet lai drfdi dang 
a 1 ,bi,c 1 ,a 2 ,b 2 ,c 2 : 

(ai 2 + b 2 + ci 2 )(a 2 2 + b 2 2 |r c 2 ) - 2[a 2 a 2 + b 2 b 2 + ci 2 c 2 2 ) 

> ^+ b\ 2 + C 1 2 ) — 2(ai 4 + b \ 4 + Ci 4 )^ ^( a 2 2 + b 2 2 + C 2 2 ) — 2(a2 4 + b 2 1 + C2 4 )^. 

Ta ap dung thay the sau 

x i = ai 2 + h 2 + c 2 ,x 2 — V2 ai 2 , x 3 — V2 bi 2 , x 4 — V2 C1 2 , 

Vi = ot 2 2 + b 2 2 + c 2 ,y 2 = \[2a 2 ,y 3 = \[2b 2 ,y 4 = \f2c 2 . 

Nhrf trong cluing minh bo de 5, ta co 

xi 2 > x 2 2 + y 3 2 + x 4 2 va y x 2 > y 2 2 + y 3 2 + y 4 2 . 

Ta ap dung bat dang thrfc Aczel, suy ra bat dang thrfc 

xm - x 2 y 2 - x 3 y 3 - x 4 y 4 > (x^ 2 - (x 2 2 + y 3 2 + x 4 2 )) (y 4 2 - (y 2 2 + y 3 2 + y 4 2 )). 

□ 
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Ta ket thuc phan nay bang mot tilling minh rat ddn gian cua mot sinh vien nam nhat 
trong chrfdng trinh KMO 4 mua he. 

Chting minh 3. Xet hai tarn giac AA 1 B 1 C 1 va AA 2 B 2 C 2 tren M 2 : 


4i(0,pi), 5i(p 2 ,0), Oiipz, 0), A 2 (0, qi), B 2 (q 2 ,0), vaC^g^O). 

Tif bat dang thilc x 2 + y 2 > 2\xy\ suy ra rang 

ai 2 (b 2 2 + c 2 - a 2 2 ) + 6 i 2 (c 2 2 + a 2 2 - b 2 2 ) + Ci 2 (a 2 2 + b 2 2 - c 2 2 ) 

= (P3 — P2) 2 (2gi 2 + 2gig 2 ) + (pi 2 + p 3 2 )(2g 2 2 — 2g 2 g 3 ) + (pi 2 + P2 2 )(2g 3 2 _ 2g 2 g 3 ) 

= 2(p 3 - p 2 ) 2 qi + 2 (q 3 - q 2 ) 2 p 2 + 2 (p 3 q 2 - p 2 g 3 ) 2 

> 2((p 3 — p 2 )gi) 2 + 2((g 3 — g 2 )pi) 2 

> 41(p 3 — p 2 )qi\ • |(? 3 — 9 2 )Pi| 

= 16 FiF 2 . 

□ 


4 Korean Mathematical Olympiads 
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1.2 Cac phifdng phap lifting giac 

Trong phan nay, ta ap dung cac phudng phap lrfdng giac de "xrf ly" cac bai bat dang thilc 
hinh hpc. 

Dinh ly 1.2.1. (Dinh ly Erdos-Mordell) Neu til mot diem P trong mot tarn giac cho trildc 
ABC ke cac ditdng vuong goc PHi, PH 2 , PH 3 vdi cac canh cua no, thi PA + PB + PC > 
2(PH 1 + PH 2 + PH 3 ). 

Dieu nay Erdos neu ra vad nam 1935, va sau d6 Mdrdell cluing minh trdng ding nam. 
Bat dang thilc nay c6 nhieu each chilng minh, Andre Avez sil dung dinh ly Ptdlemy , Ledn 
Bankdff drfa vad gdc trdng cac tam giac ddng dang, V. Kdmdrnik drfa vad bat dang thilc 
dien tich, hay Mdrdell va Barrew sil dung lrfdng giac. 


Chilng minh. ([MB], Mordell) Ta chuyen n6 sang bat dang thilc lrfdng giac. Chd h\ = PHi, 
h 2 = PH 2 va h 3 — PH 3 . Ap dung dinh ly Sin, Cdsin ta drfdc 

PA sin A = H 2 H 3 = \Jh 2 2 + h 3 2 — 2h 2 h 3 Cds(7r — A), 

PB sin B = H 3 Hi = \Jh 3 2 + h\ 2 — 2h 3 h\ cos(n — B ), 

PC sin C — H 1 H 2 = yfhi 2 + h 2 2 - 2hih 2 cds(7r - C). 

Vi the, ta can chilng minh rang 

\J h 2 2 + h 3 2 — 2h 2 h 3 cos(n — A) > 2(h\ + h 2 + h 3 ). 

cyclic 


Van de chinh la bieu thilc ve trai qua nang dang can thilc bac hai. Muc tieu cua chung ta la 
tim can drfdi hdn ma khdng c6 can thilc. De ket thilc dieu nay, ta bieu dien bieu thilc drfdi 
dau can bac hai drfdi dang tong cua hai binh phuWng. 

H 2 H 3 — h 2 2 + h 3 2 — 2h 2 h 3 Cds(7r — A ) 

= h 2 2 + h 3 2 — 2h 2 h 3 cds (B + C ) 

= h 2 -\-h 3 — 2h 2 h 3 (cds B cds C — sin B sin C). 

Sil dung cds 2 B + sin 2 B = 1 va cds 2 C + sin 2 C = 1, ta thay rang 

H 2 H 3 — ( h 2 sin C + h 3 sin B) 2 + ( h 2 cds C — h 3 cds B ) 2 . 

Vi ( h 2 Cds C — h 3 Cds B ) 2 la khdng am, ta drfdc H 2 H 3 > h 2 sin C + h 3 sin B. Suy ra rang 


^ \Jh 2 + h 3 - 2h 2 h 3 Cds(7r - A) 
sin A 


. h 2 sin C + h 3 sin B 


- “ 

sin 

A 

cyclic 

w 

11 

sin B 

sm(7\ , 

■ n + 
Sill ( 

-^ hi 

sm B / 

cyclic x / 

> V2 

/ sin B 

sinC, 

■ ^^^1 


cyclic 

2hi + 2h 2 + 2h 3 . 


□ 




Ta sd dung cung each de "xd ly" cac bat dang thde hinh hoc sau. 

Bai toan 4. (IMO Short-list 2005) Trong mot tam giac nhon ABC, cho D, E, F, P, 
Q, R la chan cac cao tit A, B, C, A, B, C tdi BC, CA, AB, EF, FD, DE, tUOng ting. 
Chdng minh rang 

p(ABC)p(PQR ) > p(DEF) 2 , 
trong do p(T) ky hieu chu vi cua tam giac T. 

Giai. Chung ta hay euler 5 hoa bai toan nay. Cho p la ban kinh dudng tron ngoai tiep tam 
giac ABC. That de de cluing minh cluing minh rang BC — 2pain A va EF = 2pain A cos A. 
Vi DQ = 2p sin (7 cos 5 cos t4, DR = 2p sin 5 cos (7 cos t 4, va ZFDE = n — 2A, td dinh ly 
Cosin cho ta 


QR 2 = DQ 2 + DR 2 — 2DQ ■ DRcos(n — 2A) 

= 4 p 2 cos 2 A [(sin C cos B) 2 + (sin B cos C) 2 + 2 sin C cos B sin B cos C cos(2t4)] 

hay 

QR = 2pcos A^/f (A, B,C), 

trong do 

f(A,B,C ) = (sin (7 cos .B) 2 + (sinBcosC) 2 + 2 8^(7008 58^5 008(7008(274). 
Vay, chung ta can giai bai sau: 

2^ sin A J ^ 2pcos A^Jf (A, 5,(7) ME 2 p sin A cos A | 

cyclic / \cyclic / \cyclic / 


hay 


Y, sinA ) ( S cos Ay/f {A, 5, (7) Me sin A cos A J 

cyclic / \cyclic / \cyclic / 


Cong viec chung ta tim ra can hop ly cua y/f(A, 5, (7). Mot lan nda, ta viet f(A, 5, (7) nhu 

la tong cua hai binh phcfdng. Ta thay rang 


f(A,B,C ) = (sin (7cos 5) 2 + (sin 5 cos (7) 2 + 2sin(7cos5sin5cos(7cos(274) 

= (sin C cos 5 + sin 5 cos C) 2 + 2 sin (7 cos 5 sin 5 cos (7 [—1 + cos(2t4)] 
= sin 2 ((7 + 5) — 2 sin C cos 5 sin 5 cos (7 • 2 sin 2 A 
= sin 2 A [1 — 4 sin 5 sin C cos 5 cos C]. 


Vi vay, chung ta viet 1 — 4 sin 5 sin C cos 5 cos (7 nhu la tong cua hai binh phudng. Meo d 
day la 1 bang (sin 2 5 + cos 2 5) (sin 2 (7 + cos 2 (7). That ra, ta dupe 

1 — 4 sin 5 sin C cos 5 cos C = (sin 2 5 + cos 2 5) (sin 2 C + cos 2 (7) — 4 sin 5 sin C cos 5 cos (7 
= (sin 5 cos (7 — sin (7 cos 5) 2 + (cos 5 cos (7 — sin 5 sin (7) 2 
= sin 2 (5 — (7) + cos 2 (5 + C) 

= sin 2 (5 — C) + cos 2 A. 

5 euler dong tit. (trong Toan hoc) chuyen cac bai toan hinh hoc tam giac thanh cac bai toan luting giac 
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Vi the ta suy ra 


f(A, B, C) = sin 2 A [sin 2 (S - C) + cos 2 A] > sin 2 A cos 2 A 


J2 cos Ay/f(A,B,C) > sin ^4 cos 2 A 

cyclic cyclic 

Vi vay, chiing ta hoan thanh cluing minh neu ta thiet lap 

I ^ sin A I I ^ sin A cos 2 A I > I ^ sin A cos A I . 

\cyclic / \cyclic / \cyclic / 

That vay, ta thay rang no la ket qua trite tiep tii bat dang thiic Cauchy-Schwarz 
(p + q + r)(x + y +z) > (y/px + y/qy + y/rz) 2 , 
trong do p, q, r, x,y va, z la cac so thuc duong. □ 

Ta co the lay can drfdi khac cua f(A,B,C): 

f(A,B,C) — (sin C cos B) 2 + (sin B cos C) 2 + 2 sin Ceos Ssin5cos(7cos(2^4) 

= (sin C cos B — sin B cos C) 2 + 2 sin C cos B sin B cos C [1 + cos(2t4)] 

. 2 / 7 -. r ,si n (2 B) sin(2(7) 2 . 

= sm 2 (B -C) + 2 — v - ’ - v -- • 2 cos 2 A 

2 2 

> cos 2 74sin(2S) sin(2C < ). 

Khi do, chung ta co the sii dung dieu nay de chon can dudi khac cua chu vi tam giac PQR: 
p(PQR) = ^ 2pcos A^f (A, B, C) > ^ 2 p cos 2 As/ sin 2 B sin 2 C 

cyclic cyclic 

Vi the, ta xet bat dang thiic sau: 

p(ABC) ^2 2 P cos 2 AV sin 2 B sin 2C > p(DEF) 2 



Tuy nhien, no trd thanh bat dang thiic khong dung. Co bac bo dieu nay thii xem! 

Bai toan 5. Cho I la tam dudng trdn noi tiep tam giac ABC vdi BC = a, CA = b va 
AB = c. Chiing minh rang, vdi moi diim X, 

aXA 2 + bXB 2 + cXC 2 > abc. 
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Chting minh. Bat dang thrfc tam giac nay suy ra tit bat dang thrfc sau: 

aXA 2 + bXB 2 + cXC 2 = (a + b + c)XI 2 + abc. 6 

Co nhieu each thiet lap dang thrfc nay. De euler hoa dieu nay, chung ta xet mot hinh tren 
mat phang Descartes sao cho A(ccosB, csinB), B( 0, 0) va C(a, 0). Dat r la ban kmh drfdng 
tron noi tiep tam giac ABC vas= a+ ^ +c , ta drfdc I(s — b,r). Ta biet rang 

2 (s — a)(s — b)(s — c) 
s 

Dat X(p, q ). Mat khac, ta drfdc 

aXA 2 + bXB 2 + cXC 2 

= a[(p — ccds B) 2 + (q — csinB) 2 ] + b (p 2 + q 2 ) +c[(p- a) 2 + q 2 ] 

= (a + b + c)p 2 — 2acp{\ + cos B) + (a + b + c)q 2 — 2 acq sin B + ac 2 + a 2 c 

o 2 o A a 2 + c 2 — b 2 \ n 2 0 [A ABC] 2 2 

\ 2ac J ±ac 

= 2 sp 2 — p(a A-c + b) (a + c — b) + 2 sq 2 — Aq[AABC\ + ac 2 + a 2 c 
= 2 sp 2 — p(2s) (2s — 2b) + 2 sq 2 — 4 qsr + ac 2 + a 2 c 

= 2sp 2 — As (s — b) p + 2 sq 2 — 4rsq + ac 2 + a 2 c. 

Ta cung co 

(a + b + c)XI 2 + abc 
= 2s [(P ~ (s ~ b )) 2 + (q- r) 2 ] 

= 2s [p 2 — 2(s — b)p + (s — b) 2 + q 2 — 2qr + r 2 ] 

= 2 sp 2 —4 s(s — b)p + 2 s(s — b) 2 + 2 sq 2 — 4 rsq + 2 sr 2 + abc. 

Ta suy ra 

aXA 2 + bXB 2 + cXC 2 - (a + b + c)XI 2 - abc. 

= ac 2 + a 2 c — 2 s(s — b) 2 — 2 sr 2 — abc 
= ac(a + c) — 2 s(s — b) 2 — 2 (s — a)(s — b)(s — c) — abc 
= ac(a + c — b) — 2 s(s — b) 2 — 2 (s — a)(s — b)(s — c) 

= 2ac(s — b) — 2 s(s — b) 2 — 2 (s — a)(s — b)(s — c) 

= 2(s — b) [ac — s(s — b) — 2(s — a)(s — c)]. 

Tuy nhien, ta tmh drfdc ac — s(s — b) — 2 (s — a)(s — c) — —2s 2 + (a + b + c)s = 0. □ 

Bai toan 6. (IMO 2001/1) Cho ABC la mot tam giac nhon vdi O la tam dudng trdn ngoai 
tiep. Cho P tren dtidng BC la chan dvtdng cao ha tit A. Gia svt ABC A > Z ABC + 30°. 
Chdng minh rang ZCAB + ZCOP < 90°. 

6 IMO Short-list 1988 
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Chting minh. Bat dang thtfc goc AC AB j&AGOP < 90° co the drfpc viet nhtf AC OP < 
APCO. Dieu nay co the dupe chi ra neu chting ta thiet lap bat dang thtfc chieu dai OP > PC. 
Vi phrtdng tich cua P ring vdi duPng tron ngoai tiep tam giac ABC la OP 2 = R 2 — BP ■ PC, 
trong do R ban kinh ditdng tron ngoai tiep tam giac ABC, no trd thanh R 2 — BP ■ PC > 
PC 2 hay R 2 > BC ■ PC. Chung ta euler bai toan nay. Ta de thay BC — 2i?sinA va 
PC = 2RsmB cosC. Vi vay, ta chi ra bat dang thtfc R 2 > 2RsmA ■ 2RsinB cosC hay 
sin A sin B cos C < \. Vi sin A < 1, no due de chi ra rang sin A sin B cos C < \. Cuoi cung, 
ta sii dung dieu kien goc AC > AB + 30° de drfpc bat dang tliilc lrfpng giac 

. „ ^ sin (B + C)- sinfC - B) 1 - sin(C' - B) 1 - sin 30° 1 
sm B cos C = —------- < ---- < -= -. 


Chung ta ket thuc phan nay bang bat dang thrfc Barrows manh hdn Dinh ly Erdos-Mordell. 
Chung ta can bat dang thtfc lrfpng giac sau: 

Menh de 1.2.1. Cho x, y, z, 9\, 0 2 ,9 3 la so thuc vdi 9\ + 9 2 + 9 3 = n. Khi do, 
x 2 + y 2 + z 2 > 2 ( 2 /z cos + zxcos 9 2 + xycos9 3 ). 

CMng minh. Sii dung 9 3 — n — (9i + 9 2 ), ta de thay rang 

x 2 +y 2 -\-z 2 —2{yz cos 9i+zx cos 9 2 -\-xy cos 9 3 ) — (z — (xcos 9 2 + ycos9 1 )) 2 +(xsin9 2 — ysin9 1 ) 2 . 


He qua 1.2.1. Cho p, q, va r la cac so thitc dvtcing. Cho 9\, 9 2 , va 9 3 la cac so thuc thoa 
man 9\ + 9 2 + 9 3 = n. Khi do, bat dang thvtc sau xay ra. 

a . Q 1 (qr rp pq\ 

p cos 9i + q cos 9 2 + r cos 9 3 < -1-1-. 

2 \P 9 r ) 

ChUng minh. Lay (x, y, z) — \/t) dung menh de tren. □ 

Dinh ly 1.2.2. (Bht ding thufc Barrow) Cho P la mot diem ben trong tam giac ABC 
va cho U, V, W la cac giao diem cua phan giac cac goc BPC, CPA, APB vdi cac canh 
BC,CA,AB ttidng ting. Chting minh rang PA + PB + PC > 2 (PU + PV + PW). 

Chting minh. ([MB] va [AK]) Cho d 1 = PA, d 2 = PB, d 3 = PC, h = PU, l 2 = PV, 
l 3 = PW, 29\ — ABPC, 29 2 — ACPA, va 2 9 3 = AAPB. Ta can chting minh rang d\ + d 2 + 
d 3 > 2(l 1 l 2 + l 3 ). Ta de dan ra dang thdc sau 


^u, 2 u , 3 

1 d 2 + d 3 COS 1,2 d 3 + d\ 


Bang bat dang thtfc AM-GM va he qua d tren, dieu nay co nghia la 


h + I 2 + h A yjd 2 d 3 cos 9i.~~ yjd 3 d\ cos 9 2 + yjd\d 2 cos 9 3 < — (di + d 2 + d 3 ) 
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Nhu la mot ap dung khac cua menh de lupng giac tren, ta thiet lap bat dang thufc sau 

He qua 1.2.2. ([AK], Abi-Khuzam) Cho X\,--- , x 4 la cac so ditdng. Cho 64,- ■■ ,64 la 
cac so thiCc sao cho 64 + ■ ■ ■ + 64 = n. Khi do, 

a . Q a . a . (xiX 2 + X 3 X 4 )(xiX 3 + X 2 X 4 )(x 1 X4 + X 2 X 3 ) 

X\ COS 61 + X 2 COS 62 + COS 63 + X4 COS U4 < \ - . 

y X!X 2 X 3 X4 

ChvCng minh. Cho p = Xl ^ x f + X3 2 +*f Q = XlX2 + X3Xi va A = Trong 6 > i + 0 2 + ( 6 > 3 + 6 > 4 ) = n 
va 63 + 64 + {64 + 62) = 7r, menh de am chi rang 

xi cos 6 1 + x 2 cos 6 2 + A cos( 0 3 + 64) <p\ — y/pq. 


x 3 cos 63 + X4 cos 64 + A cos(0i + 62) < ^ = \/pq. 
Vi cos(0 3 + 64) + cos($i + 62) — 0, cong hai bat dang thhc tren ta dupe 

xi cos 0 i +£ 2 cos 6 2 +x 3 cos 63+X4 cos 64 < 2 ^/pq = 


{X4X2 + X3X A ){xiX3 + X 2 X 4 )(x l X4 + X 2 X 3 ) 


□ 
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1.3 Cac ling dung cua So Phufc 

Trong phan nay, chiing ta thao luan vai ling dung cua so phiic trong bat dang thiic hinh 
hoc. Moi so phiic tUdrig ting vdi mot diem duy nhat tren mat phang phiic. Ky hieu chuan 
cho tap cac so phiic la C, va chung ta cung xem mat phang phiic la C. Cong cu chmh la cac 
ap dung cua bat dang thiic cd ban sau. 

Dinh ly 1.3.1. Neu z\, ■ ■ ■ ,z n e C, thi \zi\ + • • • -$? \z n \ > \z\ +- V z n |. 

CMng minh. Quy nap theo n. □ 

Dinh ly 1.3.2. (Bat ding thufc Ptolemy) Cho bat ky cac diem, A,B,C,D trong mat 
phang, ta co 

AB -CD + BC -DA>A€ -BD. 

CMng minh. Cho a , b, c va 0 la cac so phiic tUdng ling vdi A, B, C, D trong mat phang 
phiic. No trd thanh 

\a-b\- |c| + \b — c\ ■ |a| > |a — c| • |6|. 

Ap dung bat dang thiic tarn giac tdi dang thiic (a — b)c + (b — c)a = (a — c)b, ta drfdc ket 
qua. □ 

Bai toan 7. ([TD]) Cho P la mot diem tit do trong mat phang cua tarn giac ABC vdi trong 
tarn G. CMng minh bat dang thdc sau 

(1) BC-T*B-PC + AB-PA-T*B+CA-PC-RA>BC-CA-AB va 

(2) P#- BC + PB 3 ■ CA + P(f ■ AB > 3 PG ■ BG ■ GA ■ AB. 

Giai. Ta chi kiem tra bat dang thiic dau tien. Chii y A, B, C, P la cac so phiic va gia sii rang 
P titdrig ling vdi 0. Ta can chiing minh rang 

| (B - C)BC\ + | (A- B)AB\ + \{C - A)CA\ > | (B - C)(C - A){A - B) |. 

Ta van ap dung bat dang thiic tarn giac tdi dang thiic 

(B - C)BC + (A - B)AB + (C - A)CA - —{B - C)(G - A){A - B ). 


□ 

Bai toan 8. (IMO Short-list 2002) Cho ABC la mot tarn giac co mot diem trong F sao 
cho ZAFB — ZBFC — AC FA. Cho cac dtidng BF va CF gap cac canh AC va AB tai D 
va E, tiidng ting. Chting minh rang AB + AC > 4 DE. 

Giai. Cho AF — x, BF = y. CF — z va cho cu = cos ^ + isin Ta cd the xet cac hinh 
tren C sao cho cac diem F, A, B, C, D, va E drfdc dai dien bang cac so phiic 0, x, you, zu 2 , 
d , va e. Ta de thiet lap dude rang DF — V a EF — Dieu nay cd nghla la d = 
va e = —^pyU. Bay gib chung ta chiing to rang 

\x — ycu | + | zu 2 — x 


x + y 
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Vi |a>| = 1 va ou 3 — 1, ta c6 | zou 2 — x\ 
minh 

\x-yu | -fsj 


— x)\ = \z — xu\. W the chung ta can chilng 
. I 4 zx 4xy I 

XOU\ > - L)\ . 

| z + x x + y | 


Manh hdn, ta lap |(x — you) + (z — xou)\ > 1hay |p — qou\ > |r — su;|, trong do 
p = z + x, q = y + x, r = ^ va s — Ro rang lap>r>0vag>s>0. Suy ra rang 


|p — qouf — \r — sou | 2 = {p—qou)(p — qou) — (r—sou)(r — sou) = (p 2 —r 2 )+(pq—rs)+(q 2 —s 2 ) > 0. 
Ta de kiem tra rang dang thtfc xay ra khi va chi khi AABC la tam giac deu. □ 


11 




ChUOng 2 

Bon cach chtj’ng minh cd ban 


Rdi rac hoa ra! Shiing-shen Chern 


2.1 Phep thay the litdng giac 

Neu ban doi mat vdi tfch phan co cac can thilc bac hai nhp 


thi phep thay the lPdng giac nhp x = sint, y = tant, z = sect rat hay sil dirng. Ta se hoc 
cac phep thay the luting giac php hop lam don gian bat dang thilc da cho. 

Bai toan 9. (APMO 2004/5) Chting minh rang, vdi moi so thitc dvCctng a,b,c, 

( a 2 + 2 )(b 2 + 2)(c 2 + 2) > 9 (ab + bc + ca). 

Cach giai 1. Chon A,B,C e (0, |) vdi a = \/2tan A, b = -\/2tan B, vh c — \/2tan C. Sii 
dnng dang thitc lppng giac qnen thnoc 1 + tan 2 9 = , ta co the viet lai no nhp sap 

4 

- > cos A cos B cos C (cos A sin B sin C + sin A cos B sin C + sin A sin B cos C). 

Ta de dang thay 


cos(A + B + C) — cos A cos B cos C — cos A sin B sin C — sin A cos B sin C — sin A sin B cos C. 
Khi do, bat dang thilc lPOng giac tren cd dang 
4 

- > cos A cos B cos C (cos A cos B cos C — cos(A + B + C)). 


Cho 9 = A ^ rC . Ap dnng bat dang thilc AM-GM va bat dang thilc Jesen, ta cd 


. ^ / cos A + cos B + cos C \ ^ s „ 

cos A cos B cos C < --- < cos 9. 


Ta can chilng to rang 


- > cos 3 0(cos 3 9 — cos 3 9). 
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Sii dung dang thrfc lndng giac 

cos 39 = 4 cos 3 9 — 3 cos 9 hay cos 3 9 — cos 39 = 3 cos 9 — 3 cos 3 9, 


trd thanh 


— > cos 4 9 (l — cos 2 9 ) , 


th bat dang thhc AM-GM suy ra 

(l — cos 2 9 


cos 2 9 cos 2 ( 
~2 2 ~ 


1 ( cos 2 9 cos 2 9 , « 

*3(— + — + < J - C0Si 


1 

3' 


Ta thay rang dang thrfc xay ra khi va chi khi tan A = tan B = tan C — neu va chi neu 
a = b — c— 1. □ 

Bai toan 10. (Latvia 2002) Cho a, b, c, d la cac so thitc ducfng sao cho 


1 1 1 
1 + a 4 1 + b 4 1 + c 4 


1 

+ 1 + d 4 


= 1 . 


CMng mink rang abed > 3. 

Cach giai 1. Ta co the viet lai a 2 = tan A, b 2 = tan B : c 2 = tan C, d 2 = tan D, trong do 
A, B,C,D e (0, |). Khi do, dang thhc dai so trd thanh dang thrfc lndng giac: 

cos 2 A + cos 2 B + cos 2 C + cos 2 D = 1. 


Ap dung bat dang thhc AM-GM, ta drfdc 

sin 2 A = 1 — cos 2 A = cos 2 B + cos 2 C + cos 2 D >3 (cos B cos C cos D ) 5 . 

Tuong tn, ta drfpc 

sin 2 B >3 (cos C cos D cos A) 5 , sin 2 C >3 (cos D cos A cos B) 5 , va sin 2 D >3 (cos A cos B cos C) 

Nhan thrig ve ta suy ra drfdc ket qua! □ 

Bai toan 11. (Korea 1998) Cho x, y, z la cac so thitc dicing sao cho x + y + z = xyz. 
CMng to rang 



Vi ham / khong lom tren R + , ta khong the ap dung bat dang thrfc Jensen doi vdi ham 
f(t ) = Tuy nhien, ham f(tan9) lom tren (0, |)! 

Cach giai 1. Ta co the viet x = tan A, y = tan B, z — tanC, trong do A,B,C e (0, |). Sii 
dung 1 + tan 2 9 = , ta viet lai no dndi dang cua A, B, C : 

3 

cos A + cos B + cos C < -. 

Suy rath tan (tt—C) — — z = = tan(A+B) va th 7r — C, A+B e (0,7r) mhir — C = A+B 

hay A + B + C — 7T. Vi vay, ta chi can chrfng minh sau day. □ 
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Dinh ly 2.1.1. Cho bat ky tarn giac nhon ABC nao, ta co cos A + cos B + cos (7 < |. 

CMng minh. Vi cos x la loi tren (0, f), ta suy ra true tiep tit bat dang tlirfc Jensen. □ 

Chung ta chu y rang ham cos x khong lom tren (0,7r). That ra, no lom tren (|,7r). Ta co 
the nghl ngay den bat dang tlirfc cos A + cos B + cos C < | khong xay trong bat ky tam giac 
nao. Tuy nhien, ta biet rang dieu do lai xay ra vdi moi tam giac. 

Dinh ly 2.1.2. Trong bat ky tam giac ABC, ta co cos A + cos B + cos C < |. 

CMng minh 1. Trf n — C = A + B suy ra cos C — — cos(A + B) = — cos A cos B + sin A sin B 
hay 

3 — 2(cosA + cos B + cos C) — (sin A — smB) 2 + (cost 4 + cos B — l) 2 > 0. 

□ 

CMng minh 2. Cho BC = a, CA = b, AB = c. Sii dung dinh ly Cosin, ta viet lai bat dang 
thdc da cho drfdi dang cua a, b, c : 

b 2 + c 2 - a 2 c 2 + a 2 -b 2 a 2 + b 2 - c 2 ^ 3 
2 be + 2 ca + 2 ab - 2' 


Loai mau, ta drfOc 

3 abc > a(b 2 + c 2 — a 2 ) + 6(c 2 + a 2 — b 2 ) + c(a 2 + b 2 — c 2 ), 

trfdng drfdng vdi abc > (b + c — a)(c + a — b)(a + b — c) theo dinh ly 2. □ 

Trong chrfdng trrfdc, ta thay rang bat dang tlnic hinh hoc R > 2r trfdng drfdng vdi bat 
dang thhc dai so abc > (b + c — a)(c + a — b)(a + b — c). Bay gib ta thay rang, trong chrfng 
minh dinh ly tren, abc > (b + c — a)(c + a — b)(a + b — c) trfdng drfdng vdi bat dang tlirfc 
lUdng giac cds A + cds B + cds C < |. Mdt ai dd hdi rang 

Trong tam giac ABC , ton tai mot quan he tic nhien girfa cos A + cos B + cos C 
va trong dd R, va r la cac ban kmh drfdng trong ngoai tiep va noi tiep tam 
giac ABC ? 

Dinh ly 2.1.3. Cho R va r la ban kinh dudng trdn ngoai tiep va noi tiep tam giac ABC. 
Khi dd, ta co cos A + cos B + cos (7 = 1 + ^. 

CMng minh. Sh dung dang thhc a(b 2 + c 2 — a 2 ) + b(c 2 + a 2 — b 2 ) + c(a 2 + b 2 — c 2 ) 

'2nhr + (b + c — a)(c + a — b)(a + b — c). Phan con lai danh cho doc gia. □ 

Bai tap 4. (a) Cho p, q, r la cac so thuc dudng sao cho p 2 + q 2 + r 2 + 2 pqr = 1. CMng to 
rang, ton tai mot tam giac nhon ABC sao cho p — cost4, q = cos B, r = cos C. 

(b) Cho p,q,r > 0 vdi p 2 + q 2 + r 2 + 2 pqr = 1. CMng to rang, ton tai A,B,C e [0, f] vdi 
p = cos A, q = cos B, r = cos C, vaA + B + C = n. 

Bai toan 12. (USA 2001) Cho a , b, va c la cac so thitc khong dm sao cho a 2 +b 2 +c 2 +abc = 
4. CMng minh rang 0 < ab + be + ca — abc < 2. 
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Giai. Chu y rang a,b,c > 1 chi ra rang a 2 + b 2 + c 2 + abc > 4. Neu a < 1, khi do ta co 
ab + be + ca — abc > (1 — a)bc > 0. Bay gid chung ta chrfng minh rang ab + bc + ca — abc < 2. 
Cho a = 2p, b = 2q, c — 2r, ta drfdc p 2 + q 2 + r 2 + 2pqr = 1. Bang bai tap tren, ta viet lai 

a = 2 cos A, b = 2 cos B, c= 2 cos C vdi A,B,C e |^0, ^ j vdi A + B + C = n. 

Ta can dicing minh 

cos A cos B + cos B cos C + cos C cos A —2 cos A cos B cos C < )y 

Ta co the gia sh rang A > | hay 1 — 2 cos A > 0. Chu y rang 

cos A cos B + cos B cos C + cos C cos A — 2 cos A cos B cos C 

= cosA(cosB + cos C) + cos B cos (7(1 — 2cosd). 

Ta ap dung bat dang thde Jensen dan ra cos B+cos C < | — cos A. Chu y rang 2 cos B cos C = 
cos (B — C) + cos (B + C) < 1 — cosd. Dieu nay dan ra 

cosA(cosB+cosC)+cosBcosC(l—2cosA) < cosd ^ — cosd^ + ^-—(1—2cosd). 
Tuy nhien, ta de kiem tra rang cosd (| — cosd) + ( 1 ~ c 2 osA ) (1 — 2cosd) = □ 
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2.2 Phep thay the Dai So 

Chung ta biet rang nhieu bat dang thile trong hinh hoc tam giac co the diftjc "xut ly" bang 
phep the Ravi va phep the lilcfng giac. Chung ta co chuyen bat dang thile da cho thanh cac 
bat dang thile de hdn thong qua vai phep the dai so. 

Bai toan 13. (IMO 2001/2) Cho a, b, c la cac so thile dilctng. Chilng minh rang 

a b ® > i 

y/a 2 + 8 be yjb 2 4 - 8ca y/c 2 8 ab ~ 

Cach giai 1. De khil can bac hai, ta dung phep the sau: 

a b c 

y/a 2 + 8 be ^ y/b 2 + 8 ca y/c 2 + 8 ab 


Ro rang, x,y,z e (0,1). Muc dfch cua chung ta la chilng to rang x + y + z > 1. Chung ta 
chu y 

a 2 _ x 2 b 2 _ y 2 c 2 

8bc 1 — x 2 ’ 8 ac 1 — y 2 ’ 8 ab 


1 -z 2 


JL _ ( x 2 \ ( v 2 \ ( z 2 

512 \1 — x 2 ) \1 — y 2 ) \1 — 2 


Vi vay, ta can chilng to rang 

x + y + z > 1, trong do 0 < x, y, z < 1 va (1 — x 2 )(l — y 2 )( 1 — z 2 ) — 512 (xyz) 2 . 
Tuy nhien, 1 > x + y + z suy ra rang, bang bat dang thile AM-GM, 


{l-x 2 )(l-y 2 )(l-z 2 ) > ((x+y+z) 2 -x 2 )((x+y+z) 2 -y 2 )((x+y+z) 2 -z 2 ) = ( x+x+y+z)(y+z ) 


(. x+y+y+z)(z+x)(x+y+z+z)(x+y ) > £(x 2 yz)*-2{yz)* ■4(y 2 zx)^-2(zx)^ ■A(z 2 xy)^-2{xy)^ 
— 512 {xyz) 2 . Dieu nay man thuan! □ 

Bai toan 14. (IMO 1995/2) Cho a,b,c la cac so thuc dvCdng sao cho abc = 1. Chilng to 
rang 

1 1 13 

a 3 (6 + c) 5 3 (c + a) c 3 (a + b) ~ 2' 


Cach giai 1. Sau khi ap dung phep the a — b — |, c — ta drfdc xyz — 1. Bat dang thile 
co dang 


y + z + z + x + a 

Th bat dang thile Cauchy-Schwarz suy ra rang 


[(y + z) + (z + x) + (x + y)\ 


z + x x + y 


>(x + y + z) 2 


sao cho, bang bat dang thile AM-GM, 

x 2 y 2 z 2 > x + y + z > 3 (xyz)* _ 3 
y + z z + x x + y~ 2 ~ 2 2' 

□ 
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(Korea 1998) Cho x, y, z la cac so thrtc drfdng vdi x + y + z — xyz. Chrfng minh 
rang 

1 , 1 , 1 / 3 
yj\ _|_ x 2 ^J-y _|_ y2 _|_ z 2 ~ 2 ' 

Cach giai 2. Diem bat dau la dat a = 1, b — A c — Ta thay rang a + b + c ■ = abc trfdng 
drfdng vdi 1 = xy + yz + zx. Bat dang thrtc trd thanh 


JxZ'rfl y/y 2 +1 2 


hay 


hay 


a J x 2 + xy + yz + zx ^y 2 + xy + yz + zx ^z 2 + xy + yz + zx 2 

x y z 3 

H- - H- - < 

y/(x + y)(x + z) V(y + z )(y + x ) V( z + x )( z + y) 2 

Bang bat dang thhc AM-GM, ta cd 


_ Xyjjx + y){x + z) 1 x[(x + y) + {x + z)\ _ 1 


- + - 


x + y)(x + z ) (x + j/)(a; + z) 2 (x + y)(x + z) 2 \x + z x + 

Theo cung each, ta drfdc 

y 


1 ( y _ + . y 


< 1 I —-h - 


-/(^T^KyTx) 2 V?/ + ^ 2/ + ^/ ^/(TT^KzTy) 2 \z + x z + yj 

Cdng ve thed ve ta drfdc ket qua. 

Bay gid ta chrfng minh mot dinh ly co dien theo nhieu each khac nhau. 

Dinh ly 2.2.1. (Nesbitt, 1903) Cho cac so thrtc drtdng a,b,c, ta co 

a + b + c > 3 
b + c t4i a a — b 2 

Chrfrig minh 1. Sau khi the x = b + c, y — c + a, z = a + b, ta chide 

V^> 3 - hay V —>6, 

^ 2x 2 x 

cyclic cyclic 

tit bat dang thrtc AM-GM ta suy ra: 


, y + z y z z x x y (y z z x x y 

- - — — -1-1-1-b->6(--- 

' x x x y y z z \x x y y z z 
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Chiing minh 2. Ta dung phep the 


Y /&> = Y a+l + c = 1: tWn9 d6 f ® 

cyclic cyclic 

Vi f la ham loi tren (0, oo) 7 bat dang thvZc Jensen chitng to rang 


x 7 cyclic v 




V / £dng dcln dieu, dieu nay suy ra 


Chiing minh 3. Nhtt trong chitng minh trvtdc, chi du chitng minh 


Ta di dang thay 


suy ra 1 = 2 xyz + xy + yz + zx. Bang bat dang thxtc, ta co 

1 = 2 xyz+xy+yz+zx < 2T 3 +3T 1 2 => 2T 3 +3T 2 -1 > 0 =$► (2T-1)(T+1) 2 >0 =* T> - 
(IMO 2000/2) Cho a, b , c la cac so ditdng sao cho abc = 1. Chitng to rang 


Cac/i giai 2. ([IV], Ilan Vardi) Vi abc = 1, ta co the chitng minh rang a > 1 > b. 1 Suy ra 


- 1 + m 6 - 1 + ; 


1 b , («-!)(!-6) 

b ) a 


1 Tai sao? CM y rang bat dang tMc khong doi xrtng theo ba bien. Kiem tra lai 

2 xem [IV] de kiem tra lai. 
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Cach giai 3. Nhrf trong each giai 1, sau khi the a = |, b = c = | vdi x, y, z > 0, ta co 
the viet lai no nhrf xyz > (r/ + z — x) (z + x — y) (x + y — z). Khong mat tmh tong quat, ta 
co the gia sxt z > y > x. Dat y — x = p va z — x — q vdi p, q > 0. Ta thay rang 

xyz - (y + z - x)(z + x - y)(x + y - z) = (p 2 - pq + q 2 )x + (p 3 + q 3 - p 2 q - pq 2 ). 


Vi p 2 - pq A 

q 2 >(p- q) 2 > 0 

va p 3 

+ q 3 ~ P 2 

q-pq 2 = 

(P~ 

- q) 2 (p + q) > 0, Ta co drfdc 

ket 

qua. 







□ 

Cach giai 4- 

(Theo IMO 2000 Short-List) 

Sir dung dieu 

kien abc = 1, ta suy ra ngay 

cac 

dang thitc 










1 ( 

1\ 

/ 


1\ 



2 = 

- ( a 

-i + t) 

+ c ( b - 

1 + 

- , 




a V 

b J 

V 


C J 



2 = 

if* 


+ a ( c - 

1 + 

-) , 




f> V 


V 


aj 



2 = 


_1 + s) 

+ b^a- 

1 + 

9- 



Dac biet, ft nhat mot trong cac so u — a — v — b — 1 + T w — c — 1 + Ma am. Neu 

ton tai mot so nhrf the, thi ta co 


a — 1 + ^ (b — 1 + -^ f c — 1 + -^ = uvw < 0 < 1. 


Va neu u,v,w > 0, bat dang thrfc AM-GM cho ta 


1 [c 1 fa 1 b 

2 = -u + cv > 2 \/ -uv, 2 =-v + aw > 2* -vw, 2 = -w + aw > 2\ -wu. 
a V a b \ b c 


Vi the, uv < “ , vw < |, wu < vi vay (uvw) 2 < ~ c ■ £ ■ | = 1. Vi u, v, w > 0, ta hoan tat 
cluing minh. □ 

Bai toan 15. Cho a, b, c la cac so thitc duefng thoa man a + b A c 1. Chting to rang 

a b \fabc 3-\/3 

-1-1-< H——. 

a + bc b + ca c + ab 4 


Giai. Ta muon thiet lap 




Dat x = y = \/y, z = • Ta can chrfng minh rang 


1 1 z < 3v^3 

l + x 2 + l + y 2 + l + z 2 ~ 4 
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trong do x,y,z > 0 va xy + yz + zx — 1. That ra khong kho khi cluing to rang ton tai 
A,B,C£ (0,7r) vdi 

ABC 

x — tan —, y — tan —, 2 = tan —, va A + B + C = 7r. 


Bat dang thilc trd thanh 
1 


+ 1 + tan f < 1 + 3v ^ 

l+(tany) 2 l+(tanf) 2 l+(tan^) 2 4 


hay 

hay 


1 — ^ (cos ^4 + cos B + sin (7) < 1 + 


cos A + cos B + sin C < 


3a/3 


Chu y rang cos^4 + cos B = 2 cos (^±4?) cos Vi |^y^| < |, dieu nay co nghla la 

„ „ /A + B\ / 7r — C\ 

cos A + cos B < 2 cos ( —-— 1 = 2 cos I —-— 1 . 


Ta cluing to 


, .. -C\ . „ 3a/3 

2 cos ( —-— J + sin C < ——, 


trong do C e (0, n). Day la bat dang thilc mot bien. 3 Phan con lai danh cho doc gia. 

O day, ta cho each giai khac cua bai toan 10. 

(Latvia 2002) Cho a, b, c, d la cac so thirc drfOng sao cho 

1 1 1 1 
1 + a 4 + 1 + b 4 + 1 + c 4 + 1 + d 4 “ ' 

Chiing minh rang abed > 3. 

Cach giai 2. (th Jeong Soo Sim tai ky thi KMO 2007) Ta can cluing minh bat dang thilc 
a 4 b 4 c 4 d 4 > 81. Sau khi dung phep the 

A 1 B 1 C 1 D 1 

1 + a 4 ’ 1 + 6 4 ’ 6 1 + c 4 ’ 1 + d 4 ’ 


4 1 - .4 ., 1 -B 4 1 C , 4 1 - I) 

a = — j-, b = c = d = 


3 Tach no ra! Shiing-shen Chern 
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Khi do rang buoc trd thanh A + B + C + D = lva bat dang thtfc co the drfdc viet lai nhrf 
1 - A 1 -B 1 -C 1 -D _ 

a b c Id - ' 


hay 

hay 


B + C + D C + D + A D + A + B A + B + C ^ oi 
- A - B - C - D - 81 ' 

(B + C + D)(C + D + A)(D + A + B)(A + B + C) > 81 ABCD. 


Tuy nhien, day la ket qua tfif bat dang thtfc AM-GM: 


(. B+C+D)(C+D+A)(D+A+B)(A+B+C) > 3 ( BCD) »-3 (Cl) A )* - 3 ( DAB )»-3 {ABC) « . 


Bai toan 16. (Iran 1998) Chting minh rang, vdi moi x,y,z > 1 sao cho | + -■ + | = 2, 
\Jx + y + z > y/x-1 + yjy - 1 + Vz - 1 . 

Cach giai 1. Chung ta dung phep the a = \Jx — 1, b = \/y — 1, c = \Jz — 1. Khi do, dieu 
kien trd thanh 

2 + , , 2 + 2 = ^ ^ ° 2 ^ 2 ^ c2 + c2 ° 2 + 2a 2 6 2 c 2 = 1 

1 + a 2 1 + b 2 1 + c 2 

va bat dang thtfc trfOng drfdng 

3 

\/a 2 + 6 2 + c 2 + 3>a + 6 + c ab + bc + ca<~. 

Cho p = be, q — ca, r = ab. Cong viec cua chung ta la chtfng minh rang p + q + r < | trong 
do p 2 + q 2 + r 2 + 2pqr = 1. Theo bai tap 7, ta co the dung phep the lrfpng giac 

p — cos A, q = cos B, r = cos C mot trong cac A,B,C e ^0, ^ with A + B + C = n. 

Ta chi can cluing minh cos A+cos 5+cos C < §. No drfdc suy ra ttf bat dang thtfc Jensen. □ 
Bai toan 17. (Belarus 1998) ChvCng minh rang, vdi moi a,b,c> 0, 
a b c a + b b + c 

T + ~ + ~ > T- + - + 1- 

o c a b + c c + a 

Giai. Sau khi viet x = | va y = ta drfdc 

c y a + b x + 1 b + c 1 + y 

a x’ b + c 1+y’ c + a y + x 

Ta cd the viet lai bat dang thtfc nhif 

x 3 y 2 + x 2 + x + y 3 + y 2 > x 2 y + 2 xy + 2 xy 2 . 
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Ap dung bat dang thtfc AM-GM, ta co 

^t-3,,2 j_ r ^.3,, 2 _ 

■ > x 2 y, 


- > 2x7/ , x 2 + y 2 > 2 xy. 


Cong ba bat dang thtfc tren ta duoc ket qua. Dang thtfc xay ra khi va chi khi x — y = 1 hay 
a = b = c. □ 

Bai toan 18. (IMO Short-list 2001) Cho xi, ■ ■ ■ ,x n la cac so thiCc tuy y. ChUng minh 
bat dang thiCc 

X\ x 2 x n . 

1 + xi 2 + 1 + xi 2 + x 2 2 + + 1 + xi 2 H- hx n 2< n ' 

Cach giai 1. Ta chi xet trudng hop khi xi, • • • ,x n la cac so thuc khong am.(Tai sao nhi?) 4 
Cho x 0 = 1. Ap dung phep the 7/* = x 0 2 + • • • + x 2 vdi moi i = 0, • • • ,n, ta duoc x* = 
yh/j — y t -\- Ta can chtfng minh bat dang thtfc sau 


£ 


Vvi ~ Vi- 


Vi 


1 < y/E. 


Vi 7/j > i/j_i vdi moi i — 1, • • • , n, Ta co mot can tren ve trai: 


y^ VUi — Vi- i < y^ \Z^/i ~ 2/^—i _ y^ _ 

Vi ~ y/ViVi-i V ^ 

Bay gid, ta ap dung bat dang thtfc Cauchy-Schwarz de co can tren cua bieu thtfc con lai: 


I 1 1 

^ V Vi -1 Vi ~ ^ 


•SkH)- 


1 1 

n I- 

Vo Vn 


Vi t/o = 1 va 7/ n > 0, nen ta duoc can tren mong muon la y/n. 


Cadi giai 2. Ta co the gia sh rang xi, • • • , x n la cac so thuc khong am. Cho x 0 = 0. Ta sit 
sung phep thay the dai so sau 


it 


x/xo'^'A--.7 


vdi moi i = 0, • • • , n. Ta de thay rang 
thtfc mong muon trd thanh 


/l + ti 2 v 1 + ti 2 

||j&= c 0 • • • c l s l . Vi Si = \/l — Ci 2 , bat dang 


/l - Cl 2 + C 0 CiC 2 \/l - C 2 2 H-h C 0 Ci • • • c n yj\ - c n 2 < x/A- 
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Vi 0 < Cj < 1 vcfi moi * = !,••• , n, ta co 


c 0 • • • Cj>/l Cj 2 < c 0 • • • Cj-i^l - Cj 2 - \/( c o • • • Q-i) 2 - (co ■ ■ ■ Ci-iCi) 2 . 

Vi c 0 = 1, bang bat dang thilc Cauchy-Schwarz, ta diftjc 

Y V^co • • • Q-i) 2 - (c 0 • • • Q_iq) 2 < , n^ [(cq • • • Q_i ) 2 - (c 0 • • • q_iq) 2 ] = Vn[l - (c 0 ---c n ) 2 ]. 


27 



2.3 Dinh ly ham tang 

Dinh ly 2.3.1. (Dinh ly ham tang) Cho f : ( a,b ) —> M la ham kha vi. Neu f(x) > 0 
vdi moi x G (a,b), khi do f dcin dieu tren ( a,b ). Neu f(x) > 0 vdi moi x e (a, b), khi do f 
tang ngat tren (a, b). 

Chting minh. TrUdc tien ta xet trUbng hop khi f'(x) > 0 vdi moi x e (a, b). Cho a < x\ < 
x 2 < b. Ta muon cluing to rang f(x i) < f(x 2 )- Ap dung dinh ly gia tri trung binh, ta co 
c G ( xi,x 2 ) sao cho f(x 2 ) — f(x i) = f(c)(x 2 — aq). Vi /'(c) > 0, phudng trinh nay nghia 
la f(x 2 ) — f(x i) > 0. Trong trndng hop khi f(x) > 0 vdi moi x E (a, b), ta co the ap dung 
dinh ly gia tri trung binh cho ra ket qua. □ 

Bai toan 19. (Ireland 2000) Cho x, y > 0 vdi x + y = 2. Chting minh rang x 2 y 2 (x 2 + y 2 ) < 
2. 

Cach giai 1. Sau khi thuan nhat no, ta can chiing minh 

2 ^ X V(^ 2 + Z/ 2 ) hay (x + y) 6 > 32x 2 y 2 (x 2 + y 2 ). 

(Bay gid, hay quen di rang buoc x + y = 2!) Trndng hop xy = 0, bat dang thilc xay ra. Bay 
gib ta gia su rang xy ^ 0. Vi tinh thuan nhat cua bat dang thhc, dieu nay co nghia la ta co 
the chuan hoa xy = 1. Khi do, no trd thanh 

^.irf ^ >32 (x 2 +^j hay p 3 > 32(p-2). 

trong do p = (x + |) 2 > 4. Cong viec cua chung ta la toi thieu hoa F(p) = p 3 — 32 (p — 2) 
tren [4, oo). Vi F'(p) — 3 p 2 — 32 > 0, trong do p > F tang (don dieu) tren [4, oo). Vi 
the, F(jp) > F( 4) = 0 vdi moi p > 4. □ 

Cach giai 2. Nhn trong each giai 1, ta chrfng minh rang (x + y) 6 > 32(x 2 + y 2 )(xy) 2 vdi moi 
x, y > 0. Trong trndng hpp x — y = 0, qua ro. Ba^ gid, neu x 2 +y 2 > 0, khi do ta co the chuan 
hoa x 2 + y 2 = 2. Dat p = xy, ta co 0 < p < — 1 va (x + y) 2 — x 2 + y 2 + 2 xy = 2 + 2 p. 

Bay gid no trd thanh 

(2 + 2 pf > 64p 2 hay p 3 - bp 2 + 3p + 1 > 0. 

Ta muon toi thieu F(jp) = p 3 — bp 2 + 3p + 1 tren [0,1]. Ta tinh F'(p) = 3 (p — |) (jp — 3). Ta 
thay rang F tang don dieu tren [0, |] va giam don dieu tren [|, 1], vi F( 0) = 1 va F( 1) = 0, 
ta ket luan rang F(p) > F( 1) = 0 vdi moi p e [0,1]. □ 

Cach giai 3. Ta chrfng to rang (x + y) 6 > 32(x 2 + y 2 )(xy) 2 trong do x > y > 0. Ta the 
u — x + yvhv = x — y. Khi do, ta co u > v > 0. No trd thanh 

u e > 32 d) (^^Aui) 2 hay «« > (u 2 + v 2 )(u 2 - v 2 ) 2 . 

Chu y rang u 4 > u 4 — v 4 > 0 va u 2 > u 2 — v 2 > 0. So, u 6 > (u 4 — v 4 )(u 2 — v 2 ) = 
(u 2 + v 2 )(u 2 — v 2 ) 2 . □ 
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Bai toan 20. (IMO 1984/1) Cho x,y, z la cac so thitc khong am, sao cho x + y + z = 1. 
Chting minh rang 0 < xy + yz + zx — 2 xyz < ^. 

Cach giai 1. Cho f(x, y, z) = xy + yz + zx — 2 xyz. Ta co the gia sit 0 < x < y < z < 1. Vi 
x + y + z = 1, dan den x < ,' r Suy ra f(pc, y, z) — (1 — 3 x)yz + xyz + zx + xy > 0. Ap dung 
bat dang thrfc AM-GM, ta drfdc yz < (^) 2 = (^) 2 . Vi 1 — 2x > 0, suy ra 

/I — r\ 2 —2r 3 r 2 - 1-1 

f(x, y, z) = x(y + 2 ) + y*(l - 2x) < x(l - x) + f —J (1 - 2x) - ---• 

Cong viec cua chung ta la tim gia tri cifc dai ham mot bien F(x) = |(— 2x 3 + x 2 + 1), trong 
do x e [0, |]. Vi F'(x) — \x (3 — x) >0 tren [0, |], ta ket luan F(x) < F(f } ) — 2 7 7 vdi moi 
xe[o,l], □ 


(IMO 2000/2) Cho a, b , c la cac so drfdng sao cho abc = 1. Chtrng minh rang 



< 1 . 


Cach giai 5. (drfa theo ky thi chon doi tuyen IMO 2000 d Nhat) Vi abc = 1, nen it nhat mot 
trong cac a, b, c ldn hdn hay bang 1. Ta noi b > 1. Ta drfdc c — trd thanh 

(a-tf J) (6-J+oi) (!-*;•* i) <i 

hay 

a 3 b 3 — a 2 b 3 — ab 3 — a 2 b 2 + 3 ab 2 — ab + b 3 — b 2 — b + 1 > 0. 

Dat x — ab, n 6 trd thanh / 6 (x) > 0, trdng dd 

fb(t) —t 3 + b 3 — b 2 t — bt 2 + 3bt — t 2 — b 2 — t — b + 1. 

Cd dinh mdt s 6 drfdng b > 1. Ta can chtfrig td rang F(t) := f b (t ) > 0 vdi rrioi t > 0. Trt 
b > 1 suy ra da thhc bac ba F'(t) — 3 1 2 — 2(6 + l)t — (b 2 — 36+1) cd hai nghiem thrfc 

6 + 1 - \/46 2 - 76 + 4 v 6 + 1 + ^46 2 - 76 + 4 

- va A =-. 

3 3 

vi F cite tieu dia phrfdng tai t = A, ta thay rang F(t) > Min {F( 0), -F(A)} vdi mpi t > 0. Ta 
phai chhng minh rang F(0) > 0 va F( A) > 0. Ta cd F( 0) = 6 3 — 6 2 — 6 +1 = (6 —1) 2 (6+1) > 0. 
Ta edn chi ra rang F( A) > 0. Chu y rang A la nghiem cua F'(t). Sau khi chia, ta drfdc 

F(t) = F\t) Qt - b -^j + ^ ((- 86 2 + 146 - 8 )t + 86 3 - 76 2 - 76 + 8 ) . 

Dat t = A, ta cd 

F( A) = ^ ((-86 2 + 146 - 8 )A + 86 3 - 76 2 - 76 + 8 ) . 
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Vi the, ta di thiet lap dieu do, vdi moi 5 > 0, 


(—8b 2 + Ub - 8) ^ + 1 + ^ 2 7b + 4 ^ + % 3 _ 7b 2 _ n + g > 0; 

tilting drfdng 

165 3 - 15 b 2 - 15 b + 16 > (8b 2 - Ub + 8)^452-75 + 4 . 

Vi ca 165 3 - 155 2 - 155 + 16 va 85 2 - 145 + 8 drfdng , 5 no trfdng drfdng 

(165 3 - 155 2 - 155 + 16) 2 > (8b 2 - 145 + 8) 2 (45 2 - 75 + 4) 


hay 

8645 s - 33755 4 + 50225 3 - 33755 2 + 8645 > 0 hay 8645 4 - 33755 3 + 50225 2 - 33755 + 864 > 0. 

Cho G(x ) = 864x 4 — 3375a ; 3 + 5022a; 2 — 3375a; + 864. Ta chhng minh rang G(x ) > 0 vdi moi 
Ta thay rang 

G'(x) = 3456a; 3 - 10125a; 2 + 10044a; - 3375 - (x - 1) (3456a; 2 - 6669a; + 3375). 

Vi 3456a; 2 — 6669a; + 3375 > 0 vdi moi x e M, ta thay G(x) vai-1 cung dau. G giam don 
dieu tren (—oo, 1] va tang ddn dieu tren [1, oo). Ta ket luan G co crfc tieu tai x — 1. Vi the, 
G(x ) > G(l) — 0 vdi moi i£t. □ 


5 Ta di thay 166 3 -156 2 -156+16 = 16(6 3 - 6 2 - 6 +1) + 6 2 + 6 > 16(6 2 -1)(6- 1) > 0 va 86 2 - 146 + 8 = 
8(6 — l) 2 + 26 > 0. 
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2.4 Thiet lap can mcfi 

Trrtdc tien chiing ta xem hai each chiing minh bat dang thitc Nesbitt. 

(Nesbitt) Vdi moi so ditdng a, b, c, ta co 

a b c 3 

- 1 - 1 -> 

b + c c + a a + b 2 


Chiing minh 4. Tit — |) 2 > 0, ta dan ra 

a >1 ^ — 1 8a —b — c 

b + c ~ 4 ^ + 1 4 (a + b + c)' 

Suy ra 

E a ^ ^—\ 8 a — b — c 3 

6 + c — 4(a + 6 + c) 2’ 

cyclic cyclic 

Chiing minh 5. Ta noi rang 

a > —t v hay 2 (a% Ar$ + &) >3a^(b + c). 

b + C 2 (at + &§+.<?! j V ' 

Bat dang thtic AM-GM cho aJ +b% + &i > 3 a^b va ai + ci +ci > 3a^c . Cong ve theo ve 
hai bat dang thitc nay ta dvtcfc 2 fai + + ci'j > 3a^(6 + c) ? nhu mong muon. Vi the, ta co 


E 

cyclic 


a 

b Arc 


3 

2 


Ta co the chiing minh vai bat dang thitc hoan vi vong quanh bang each tim ra can nidi. 
Gia sit ta muon thiet lap 

XJ F(x,y,z) > C. 

Neu ham G thoa man 


(1) F(x, y , z) > G(x, y, z ) vdi moi x,y,z > 0, va 

( 2 ) Ecydic G ( x , V,z) = C vdi moi x,y,z> 0, 
khi do, ta dan ra 

E f 0w)^ E G(x,y,z)=C. 

cyclic cyclic 

Vi du, neu ham F thoa man 


F(x,y,z ) > - 

v J ~ x + y + z 

vdi moi x,y,z > 0, khi do, lay tong hoan vi vong quanh ta ditpc 


F{x,y,z) > 1. 

cyclic 


Nhrf ta thay d tren, hai each chitng minh bat dang thitc Nesbitt, co nhieu can ditdi. 
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Bai toan 21. Cho a, b, c la cac canh cua mot tam giac. Chting minh rang 

a b c 

7-I-I-L ^ 2' 

b + c c + a a + b 

Chting minh. Ta khong ap dung phep the Ravi. Tir bat dang thilc tam giac, dan ra 

e e. 


Co mot lan, toi co gang tim can mdi cua (x + y + z ) 2 trong do x, y, z > 0 . Co can dudi 
quen thuoc nhu 3 (xy + yz + zx) va 9(xyz) a. Nhung toi muon tim ra mot cai hoan toan khac. 
Toi da tint tach bieu thrtc doi xrifng theo ba bien x, y, z. Chu y rang 

(x + y + z) 2 — x 2 + y 2 + z 2 + xy + xy + yz + yz + zx + zx. 

Toi ap dung bat dang thilc AM-GM vao ve phai ngoai trh bieu thilc x 2 : 

y 2 + z 2 + xy + xy + yz + yz + zx + zx > 8 x^y^z^ . 


Suy ra rang 


(x + y + z) 2 >x 2 + 8x2y*z* — x* (x* + 8y*z*^J . 


(IMO 2001/2) Cho a, b, c la cac so thuc dUdng . Cluing minh rang 
a b c * * 


Va 2 + 8 be \Jb 2 + 8 ca V c 2 + Sab 

Cach giai 2. Ta thay rang bat dang thilc tren cung cho ta mot can dudi khac x + y + z, 
nghla la, 


v+y+z> \Jx 2 ^2 + 87 / 4 ^ 4 ^. 


Suy ra 


E: 


*-f. / 333 ^-fx + y + z 

cyclic dp +87/4^4 cyclic 

Sau khi the x = as, y = ba, va z — ca, khi do trd thanh 

E 


\/a 2 + %bc 

□ 

Bai toan 22. (IMO 2005/3) Cho x, y, va z la cac so dUdng sao cho xyz > 1. ChUng minh 
rang 

* 5 -* 2 1 1 * 5 -* 2 >0 . 

x 5 + y 2 + z 2 y 5 + z 2 + x 2 z 5 + x 2 + y 2 
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Cach giai 1. Dieu can chtfng minh tufting d if ting vdi bat dang thtfc sau 

( , + i) + ( , +i) + ( /-/ + ll <3 

\x 5 + y 2 + z 2 ) \y 5 + z 2 + x 2 ) \z 5 + x 2 + y 2 / 


x + y + z 2 x 2 + y 2 + z 2 
y 5 + z 2 + x 2 z 5 + x 2 + y 2 


Theo bat dang thtfc Cauchy-Schwarz va xyz > 1, ta c 


(x 5 + y 2 + z 2 )(yz + y 2 + z 2 ) >(x 2 + y 2 + z 


x 2 + y 2 + z 2 < yz + y 2 + z 2 
x 5 + y 2 + z 2 ~ x 2 + y 2 + z 2 


Lay tong hoan vi vong quanh va x 2 + y 2 + z 2 > xy + yz + zx cho ta 


x 2 + y 2 + z 2 | x 2 + y 2 + z 2 | x 2 + y 2 + z 2 
x 5 + y 2 + z 2 u/ 5 + z 2 + x 2 z 5 + x 2 + u/ 2 


x 2 + y 2 + z 2 


Cach giai 2. Y tufting chinh nhuf sau: 


J + y* + ^ ^ + x* 


2 J t _y2 X 5 + y 2 + z 2 f/ 5 + z 2 + X 2 z 5 + x 2 + y 2 ' 


Dau tien ta bien doi ve trai. Ta suy ra ttf y 4 + z 4 > y 3 z + yz 3 = yz(y 2 + z 2 ) drfdc 


x(y 4 + z 4 ) > xyz(y 2 + z 2 ) > y 2 + z 2 hay 


x 5 + y 2 + z 2 x 5 + xy 4 + xz 4 x 4 + y 4 


Lay tong hoan vi vong quanh, ta co bat dang thtfc mong muon. Ta con bien doi ve phai. 
[Cach 1] Theo each giai 1, bat dang thtfc Cauchy-Schwarz va xyz > 1 chi ra 


(* 5 + V 2 + z 2 )(yz + y 2 + z 2 ) > (x 2 + y 2 + z 2 ) 2 hay 


(x 2 + y 2 + z 2 ) 2 x 5 + y 2 + z 2 ' 


Lay tong hoan vi vong quanh, ta co 

v- x 2 (yz + y 2 + z 2 ) 

(x 2 + y 2 + z 2 ) 2 ~ ^ x 5 + y 2 + z 2 ' 

cyclic v ' cyclic 

Cong viec cua chung ta la thiet lap thiet lap bat dang thtfc thuan nhat sau 

1 £ E * ( " 2 +y2+z2)2 - 2 E *V + E « E - 4 £ E *V 

cyclic ' y cyclic cyclic cyclic cyclic 

Tuy nhien, ttf bat dang thtfc AM-GM, ta drfdc 


E * 4 = E X ~V L * E x2 y 2 = E * 2 
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[Cach 2] Ta co 


2x 4 + y 4 + z 4 + 4x 2 y 2 + 4 x 2 z 2 > x 2 

4{x 2 + y 2 + z 2 ) 2 ~ x 5 + y 2 + z 2 ' 

Ta di cluing minh 

2x 4 + y 4 + z 4 + 4 x 2 y 2 + 4 x 2 z 2 x 2 yz 

4(x 2 + y 2 + z 2 ) 2 ~ x 4 + y 3 z + yz 3 

vi xyz > 1 chi ra rang 

x 2 yz _ x 2 > x 2 
x 4 + y 3 z + yz 3 ^ + y 2 + “ x 5 + y 2 + z 2 ’ 

Vi vay, ta can chi ra bat dang thiic thuan nhat 

(2x 4 + y 4 + z 4 + 4 x 2 y 2 + 4 x 2 z 2 )(x 4 + y 3 z + yz 3 ) > 4 x 2 yz(x 2 + y 2 + z 2 ) 2 . 

Tuy nhien, day la he qua suy ra tfit bat dang tlnic AM-GM. 

(2x 4 + y 4 + z 4 + 4 x 2 y 2 + 4 x 2 z 2 )(x 4 + y 3 z + yz 3 ) — 4 x 2 yz(x 2 + y 2 + z 2 ) 2 
= (x 8 + x 4 y 4 + x & y 2 + x 6 y 2 + y 7 z + y 3 z 5 ) + (x 8 + x 4 z 4 + x Q z 2 + x 6 z 2 + yz 7 + y 5 z 3 ) 
+2(x 6 y 2 + x 6 z 2 ) - 6 x 4 y 3 z - 6 x 4 yz 3 - 2x 6 yz 
> 6{/x 8 - x 4 y 4 ■ x Q y 2 ■ x G y 2 ■ y 7 z ■ y 3 z 5 + • x 4 z 4 ■ x 6 z 2 ■ x 6 z 2 ■ yz 7 ■ y 5 z 3 

+2y/x 6 y 2 ■ x e z 2 — Qx 4 y 3 z — 6x 4 yz 3 — 2x 6 yz 
= 0 . 


Lay tong hoan vi vong quanh, ta drfOc 


i = E 


2x 4 + y 4 + z 4 + 4 x 2 y 2 + 4 x 2 z 2 
4{x 2 + y 2 + z 2 ) 2 


>-Y. 


x 5 + y 2 + z 2 


□ 


Cach giai 3. (theo thi sinh Iurie Boreico 6 trong ky thi IMO 2005 d Moldova) Ta lap 


x° — x 
x 5 + y 2 + z 2 


x° — x 

- x 3 (x 2 + y 2 + z 2 )' 


No suy ra tit dong nhat thiic 


x 5 + y 2 + z 2 x 3 (x 2 + y 2 + z 2 ) 


{x 3 - 1 ) 2 x 2 (y 2 + z 2 ) 
x 3 (x 2 + y 2 + z 2 ){x 5 + y 2 + z 2 )' 


Lay tong hoan vi vong quanh va sh dung xyz > 1, ta co 

y x5 ~ x2 >_I_y ( x z --)> _1_ 

' x 5 + y 2 + z 2 x 5 + y 2 + z 2 ' V x J x 5 + y 2 + z 2 

cyclic cyclic x x 


{x 2 - v z ) > °- 


□ 

6 Ngu’di nhan giai dac biet cho bai giai nay. 
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Day la each giai rat thong minh cua bai toan 
Bai toan 23. (KMO cuoi tuan 2007) Chitng minh rang, vdi moi a,b,c,x,y, z > 0, 
ax by cz < (a + b + c) (x + y + z) 
a + x b + y c + z ~ a+b+c+x+y+z' 

Giai. (theo Sanghoon) Ta can bo de sau: 

Lemma. Vdi moi p, q, cui,u> 2 > 0, ta co 

pq 

p + q (u> i + u 2 ) 2 

Chufng minh bo de. No trfdng drfdng 

(p + q) (wi 2 p + u 2 q) - (wi + W 2 ) 2 Pq > 0 


hay 

Lay (p,q,ui,u 2 ) 


Trfdng trf, ta drfdc 


va 


(u>ip — uj 2 q) 2 > 0 . 

(a,x,x + y + z,a + b + c) trong bd de, ta drfdc 
ax < (x + y + z) 2 a + (a + b + c) 2 x 
a + x ~ ( x + y + z + a + b + cf 


by < (x + y + z) 2 b + (a + b + c) 2 y 
b + y ~ (x + y + z + a + b + c ) 2 


cz 



< 


(x + y + zfc + (a + b + c) 2 z 



Cdng ve thed ve, ta drfdc 


ax ^ by ^ cz < (x + y + z) 2 (a + b + c) + (a + b + c) 2 (x + y + z) 
a + x b + y c + z~ (z + ?/+ 2 : + a + 6 + c) 2 


hay 


ax by cz < (a + b + c)(x + y + z) 

a + x b + y c + z ~ a + b + c + x + y + z' 


Bai tap 5. (USAMO Mua He 2002) Cho a, b, c la cac so duong. Gluing minh 


( 2a y / 26 y / 2c y 
\b + c) + \c + a/ "^Va + 6/ 


> 3. 


(Hint. [TJM]) Thiet lap bat dang thde (^) 5 > 3 (^§^). 


Bai tap 6. (APMO 2005) ( abc = 8, a,b,c> 0) 

a 2 | b 2 | c 2 4 

y/(l + a 3 )(l + b 3 ) v /(l^i 3 )(l + c 3 ) + ° 3 ) _ 3 

(Hint.) Sh dung bat dang tlirfc y=j > ^2 cho ta can drfdi cua ve trai. 


□ 
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ChUOng 3 

ThuAn nhAt hoa vA ChuAn hoa 


Nha toan hoc nao cung chi co vai meo nho ma thoi. TrUdc kia, mot nha ly thuyet so noi 
tieng lao lang da co mot so nhan xet che bai cac tac pham cua Paul Erdos. Cac ban ngiidng mo cac 
tac pham va cdng trinh cua Erdos cong hien cho Toan hoc nhit chinh tdi cung lam nil'll vay, va tdi 
cam thay that bite minh khi chinh nha toan hoc lao lang phat bieu phu phang cac cong trinh cua 
Erdos da lam "giam" di cac chvtng minh cua ong ay chi dita tren cac meo nho. Nha ly thuyet so 
nao ma khong nhan ra rang cac nha toan hoc khac, tham chi la nha toan hoc gidi nhat, cung co the 
chi co vai meo nho ho sit dung mai mai. Chang han nhit Hilbert. Tap hai cua bai situ tarn cac bai 
bao cua Hilbert co cac bai bao cua Hilbert ve ly thuyet bat bien. Tdi da doc cac bai bao nay ky. That 
buon, khi ai do noi rang mot so ket qua my man cua Hilbert da bi lang quen hoan toan. Nhvtng khi 
doc cac chdng minh hay va sau cua Hilbert ve ly thuyet bat bien, that ngac nhien ta thay Hilbert 
cung chi sit dung chung cac meo nho ay. Ngay ca Hilbert cung chi co vai meo nho ma thoi! 
Gian-Carlo Rota, Ten Lessons I Wish I Had Been Taught - Mitdi bai hoc tdi mong muon ditdc hoc, 
Notices of the AMS, January 1997 


3.1 Thuan nhat hoa 

Nhieu bai toan bat dang thtfc thrfdng co cac rang buoc nhrf ab = 1, xyz — 1, x + y + z — 1. 
Mot bat dang thtfc doi xitng khong thuan nhat co the ditOc chuyen thanh mot bat dang 
thtfc thuan nhat. Khi do, ta ap dung hai dinh ly hay: bat dang thtfc Shur va bat dang thtfc 
Muirhead. Ta bat dau vdi mot vi du ddn gian. 

Bai toan 24. (Hungary 1996) Cho a, b la cac so thitc dUdng vdi a + b = 1. Chitng minh 
rang 

a 2 b 2 > 1 

o+l 6+1 3 

Gidi. Sir dung dieu kien a + b = 1, ta co the dan tif bat dang thtfc da cho thanh bat dang 
thtfc thuan nhat , nghla la 


1 < a 2 b 2 

3 (a + 6)(a + (a + b)) (a + b)(b + (a + 6)) 


hay a 2 b + ab 2 < a 3 + b 3 , 


suy ra ttf (a 3 + b 3 ) — ( a 2 b + ab 2 ) = (a — b) 2 (a + b) > 0. Bat dang thtfc xay ra neu va chi neu 
a — b — |. □ 


Bat dang thtfc tren a 2 b + ab 2 < a 3 + b 3 co the tong quat hoa nhrf sau: 
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Dinh ly 3.1.1. Cho oq, a 2 , W, b 2 la cac so dUdng sao cho cq + a 2 = + b 2 va max(ai, a 2 ) > 

max(bi, b 2 ). Cho x va y la cac so khdng dm. Khi do, ta co x ai y a2 + x a2 y ai > x bl y b2 + x b2 y bl . 

CMng minh. Khong mat tmh tong quat, ta gia sil rang oq > a 2 , bi > b 2 , cq > &i. Neu x = 0 
hay y = 0, ro rang bat dang thrfc xay ra. Vi vay, ta gia srf x, y > 0. Ta suy ra cq + a 2 = /q+6 2 
ma cq — a 2 — (bi — a 2 ) + ( b 2 — a 2 ). Ta de thay 

x ai y a2 + x a2 y ai - x bl y b2 - x b2 y bl = x a2 y a2 (x ai ~° 2 + y ai ~ a2 - x hl ~ a2 y b2 ~ a2 - x h ~ a2 y bl ~ a2 ) 
= x a2 y a2 (x 6l ~“ 2 - y bl ~ a2 ) (x b2 ~ a2 - y b2 ~ a2 ) 

= g^C'-v h )( xb -y'°)^ 0 - 

□ 

Ghi chu 3.1.1. Khi nao dau bat dang thtic xay ra trong dinh ly 8? 

Bay gid ta drfa ra hai ky hieu tong Acyclic S S ym- Cho P(x, y, z) la mot ham cua ba 
bien x, y, z. Ta dinh nghla: 

Y P(x, y, z) — P(x, y, z) + P(y, z, x) + P(z, x, y), 

cyclic 


Y y p( x i Vi z ) — p( x i Vi z ) + p( x j z i y) + p(vi x i z ) + p(vi %>■ x ) + p( z i x i y) + p( z i y> x )■ 

sym 

Vi du, ta biet rang 


Y x3 y = x3 y + y 3z + z3x > Y / x3 = x3 + y 3 + z3 ) 

cyclic sym 

Y x 2 y — x 2 y + x 2 z + y 2 z + y 2 x + z 2 x + z 2 y , ^ xyz = Qxyz. 

sym sym 

Bai toan 25. (IMO 1984/1) Cho x,y,z la cac so khong dm sao cho x + y + z = 1. Chting 
minh rang 0 < xy + yz + zx — 2 xyz < P . 

Cach giai 2. Sh dung dieu kien x + y + z = 1, ta dan bat dang thrfc da cho thanh bat dang 
thrfc thuan nhat, nghla la 

0 < (xy + yz + zx) (x + y + z) — 2 xyz < ^ (x + y + z) 3 . 

Bat dang thrfc ve trai tarn thrfdng, vi no trfdng drfdng 
0 < xyz + Y, x2 y- 


Rut gon ve phai thanh 

7 Y, x3 + 15 ocy z — 6 Y / x2 y ^ 0- 

cyclic sym 
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Ta xem 


7 X ^ + 15 xyz - 6 X x 2 y = ( 2 X x 3 - X x 2 y ) + 5 ( 3 xyz + E* 3 -E^ 


ta chi can chtfng minh 


2 X x 3 > X x 2 y va 3 xyz + X x 3 > X x 


2 X 2:3 _ X ^ = x (x 3 +y 3 )- x( x 2 y+ x v 2 ) = XI + y 3 - x2y - xy2 ) -°- 

cyclic sym cyclic cyclic cyclic 

Bat dang thtfc thtf nhi ditdc viet lai 

'X — y)(x — z) > 0, 

cyclic 

la tritdng hdp dac biet cua dinh ly Schur trong phan ke tiep ta se de cap. 

Sau khi thuan nhat hoa, doi luc ta co the tim cac tiep can dung, hay xem: 

(Iran 1998) Chtfng minh rang, vdi moi x, y, z > 1 sad cho-- -V y-X't = 2, 


\J x + y + z > \J x — 1 + \J y — 1 + \Jz — 1 . 

Cac/i giai 2. Sau phep the dai soa=|,5=^,c=^,ta can chitng minh 
fl I 1 > ll — a ll — b 1 1 — c 

V a b c - V a Mb Me 

trong d6 a, b, c E (0,1) vaa + 5 + c= 2. Sii dung rang buoc a + b + c = 2, ta ditdc bat dan 
thtfc thuan nhat 


di (a+6+c) (i + i + i)>^ 


-v^^ + v c 


/. , . /1 1 1 \ lb + c — a lc+ a — b la + b — c 

f +l+c »(dib) ^ V—«— + V—s— + V—^—- 

dan ra trite tiep tit bat dang thtfc Cauchy-Schwarz 


, fl 1 1 \ lb -ha — a lc + a — b la + b — c 

-(c+a-b) + (a+b-c)]l- + l + -) >\j - +y - b +y - 
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3.2 Bat dang thufc Schur va Dinh ly Muirhead 

Dinh ly 3.2.1. (Schur) Cho x, y, z la cac so thuc khong am. Bat ky r > 0, ta co 

7: x r (x — y)(x — z) > 0. 


Chting minh. Vi bat dang thiic doi xiing theo ba bien. Khong mat tinh tong quat, ta co the 
gia sii x > y > z. Khi do bat dang thiic da cho dupe viet lai la 

(x - y)[x r (x - z) - y r (y - z)\ + z r (x - z)(y- z)> 0, 
va moi hang tii b ve trai khong am. □ 

Ghi chu 3.2.1. Khi nao dang thdc xay ra vay? 

Bai tap 7. Bac bo menh de sau: Vdi moi a,b,c,d> 0 va r > 0, ta co 
a r (a—b)(a—c)(a—d)+b r (b—c)(b—d)(b—a)+c r (c—a)(c—b)(c—d)+d r (d—a)(d—b)(d—c) > 0. 

TrUdng hop dac biet sau cua bat dang thiic Schur hay sii dung: 

x(x — y) {x — z) > 0 •+> 3 xyz + ^ x 3 > ^ x 2 y •+> ^ xyz + ^ x 3 > 2 ^ x 2 y. 

cyclic cyclic sym sym sym sym 


He qua 3.2.1. Cho x,y,z la cac so thitc khong dm. Khi do, ta co 

3xyz + x 3 + y 3 + z 3 > 2 {(xy)^ + (yz)% + ( zx . 
Chdng minh. Bang bat dang thitc Schur va bat dang thiic AM-GM, ta co 
3 xyz + ^ x 3 >Y^ x2 v + %y 2 >Y1 

cyclic cyclic cyclic 

Chung ta sit dung bat dang thiic Schur de cho mot cac giai khac 
(APMO 2004/5) Cluing minh rang, vdi moi so thuc drfdng a, b, c, 

(a 2 + 2) ( b 2 + 2) (c 2 + 2) + 9 (ab + be + co). 

Cach giai 2. Sau khi khai trien, no trd thanh 

8 + ( abc ) 2 + 2 ^ a 2 b 2 + 4 y^ a 2 >9 ^ ab. 

cyclic cyclic cyclic 


□ 


Th bat dang thiic (ab — l) 2 + (be — l) 2 + (ca — l) 2 > 0, ta drfOc 
6 + 2 yy a 2 b 2 > 4 yy ab. 

cyclic cyclic 
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Vi the, ta chi chilng minh nhif sau la du 

2 + ( abc ) 2 + 4 ^ a 2 > 5 ^ ab. 

cyclic cyclic 

Vi 3(a 2 + 6 2 + c 2 ) > 3 (ab + bc + ca ), nen cung chi chilng minh 
2 + (abc) 2 + ^ a 2 > 2 ^ ab, 

cyclic cyclic 


ma day la tritdng hop dac biet khi t — 1. 

He qua 3.2.2. Cho t e (0,3]. Vdi moi a,b,c> 0, ta co 

(3 — t) + t(abc)t + ^ a 2 > 2 ^ ah 

cyclic cyclic 

£)ac biet, ta duac bat dang thdc khong thuan nhat 
5 1 

- + -(abc) 4 + a 2 + b 2 + c 2 > 2 (ab + bc + ca), 

2 + (abc) 2 + a 2 + b 2 + c 2 > 2 (ab + bc+ ca), 

1 + 2 abc + a 2 + b 2 + c 2 > 2 (ab + bc + ca). 
Chting minh. Sau khi dat x — as, y = bs, z — cs, no trd thanh 
3 -t + t(xyz)* + E^ 2 E (xy)i. 

cyclic cyclic 


Theo he qua 1, ta chi can cluing minh sau la du 

3 — t + t(xyz)* > 3 xyz, 

day la he qua cua bat dang thilc AM-GM co trong: 


3 3 1 • i + 3 Os/ a)' > i 33 * (0 yrf) 


= 3xyz. 


Ta co the thay dau dang thilc xay ra khi va chi khi a — b — c — 1. 

(IMO 2000/2) Cho a, b, c la cac so dtfOng sao cho abc = 1. Chilng minh rang 


a — 1 + — 
b 


6-1 + - 


- 1+-<1 


□ 


□ 


Cach giai 2. Ta co bat dang thilc tubing ditong vdi bat dang thilc thuan nhat sau 1 : 

(«, - (*) v . + („ - (*)./3 + ( c _ (ahcY „ :^!i!) < *. 

1 Vdi each thuan nhat thich hap, ta thay bai toan 1 trong chUOng 2. 
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Sau khi the a = x 3 ,b = y 3 ,c — z 3 vdi x,y,z > 0, no trd thanh 


x — xyz + 


(xyz) 2 


) (y - *yz + (z° - X yz + ^f) < «V^. 


rut gon, ta drfdc 

(x 2 y - y 2 z + , 2 x) (</ 2 , - , 2 x + x 2 y) (z 2 x - x 2 y + y 2 z) < x 3 y 3 z 3 
hay __ 

3x 3 y 3 z 3 + ]T x 6 y 3 > X Y Z + E ^ W 

cyclic cyclic cyclic 

hay 

3 (x 2 y)(yh)(z*x} + J> 2 s) 3 > £(**») V*) 

cyclic sym 

day la trrfdng hop dac biet cua bat dang thtfc Schur. □ 

Day la bai bat dang thtfc khac vdi rang buoc abc = 1. 

Bai toan 26. (Tournament of Towns 1997) Cho a, b, c la cac so dUdng sao cho abc = 1. 
Ch'tlng minh 

111 

-1-1-< 1. 

a + b + 1 b + c'-4b-l c + a + 1 

Giai. Ta co the viet lai bat dang thtfc nhrf sau: 

1 1 11 


a + b + (abc) 1 / 3 b + c+ (abc) 1 / 3 e+ a + (abc) 1 / 3 (abc) 1 / 3 

Ta the a = x 3 ,b = y 3 ,c — z 3 vdi x,y,z > 0. Khi do, no trb thanh 


x 3 + y 3 + xyz y 3 + z 3 + xyz z 3 + x 3 + xyz xyz 

trfdng drfdng 

xyz Y + V 3 + xyz) (y 3 + z 3 + xyz) < (x 3 + y 3 + xyz) (y 3 + z 3 + xyz) (z 3 + x 3 + xyz) 


hay 


Ta ap dung dinh ly 9, drfdc 


x 6 y 3 > ^ x 5 y 2 z 2 ! 

sym sym 

x Y = x6y 3+ y&x3 

sym cyclic 

> ^ x 5 y 4 + y 5 x 4 
= J2 x5 (y 4 + z 4 ) 

cyclic 

> + W 
= y 2 x Yz 2 . 


41 



□ 


Bai tap 8. ([TZ], pp.142) Chitng minh rang vdi tam giac nhon ABC, 

cot 3 A + cot 3 B + cot 3 C + 6 cot A cot B cot C > cot A + cot B + cot C. 

Bai tap 9. (Korea 1998) Chon I la tam cua dvtdng trdn noi tiep tam giac ABC. Chitng 
minh 


I A 2 + IB 2 + IC 2 > 


BC 2 + CA 2 + AB 2 
3 


Bai tap 10. ([IN], pp.103) Cho a,b,c la cac canh cua tam giac. Chitng minh 
a 2 b + a 2 c + b 2 c + b 2 a + c 2 a + c 2 b > a 3 + 6 3 + c 3 + 2 abc. 

Bai tap 11. (Bat dang thdc Suranyi)) Chitng minh rang, vdi moi • • ,x n > 0, 
(n — 1) (xC + ■ • • x n n ) + nx i • • • x n > (x\ + • • • x n ) (xi n_1 + • • • x n n_1 ) . 
Dinh ly 3.2.2. (Muirhead) Cho ai, a 2 , a 3 , 6i, 6 2 ,6 3 la cac so thitc dvtctng sao cho 


Oi > a 2 > 03 > 0 , 61 b 2 > 63 > 0 , Oi ^ 61, cij 4 - 02 ^ b\ + b 2 , — o 2 + 03 — 61 + b 2 + 63. 


C 7 io x,y,z la cac so dvtOng. Khi do, ta co Yl sy m xai y a2z<13 — Yh S yra xbl y b2zb3 ■ 

Chitng minh. Trrfdng hop 1 . 61 > a 2 : Ta suy ra th ai > ai + a 2 — 61 va th ai > 61 
ma ai > ma:r(aj;~# a 2 — 61,61) sao cho max(ai,a 2 ) = ai > max(ai + a 2 — 61,61). Th 
ai+a 2 —61 > 6i+a 3 —61 = a 3 va ai+a 2 —61 >b 2 > 63, ta co max(ai+a 2 — 61, a 3 ) > max(b 2 , 63). 
Ap dung dinh ly 8 hai lan ta dupe 

^ x ai y m z m = Y z a 3 (x ai y a2 + x a 2 y ai ) 

sym cyclic 

> Y z a 3 (x ai+a 2 ~ bl y bl + x hl y ai+a2 ~ bl ) 


= Y xbl (y ai+a2 ~ bl ^“ 3 + y as zai+a2 ~ bl ) 

> Y xbl (y b2zb3 +y b3 z b2 ) 

= £xV’* ls - 


Trrfdng hop 2. 61 < a 2 : Ta suy ra trf 36i > 61 + b 2 + 63 = ai + a 2 + a 3 > 61 + a 2 + a 3 ma 
61 > a 2 +a 3 —61 va ai > a 2 > 61 > a 2 +a 3 — 61 . Vi the, ta co max(a 2 , a 3 ) > max(bi , a 2 +a 3 — 61 ) 
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va max(ai, a 2 + 03 — b\) > max(b 2 , b 3 ). Ap dung dinh ly 8 hai lan ta ditdc 
T, x ai y a2 z a3 = yx ai (y a2 z as + y a3 z a2 ) 


> y x ai (y bl z a2+a3 ~ bl + y a2+a 3 - 6 i/i) 

cyclic 

= y y bl (x ai z a2+a3 ~ bl + x a2+a3 ~ bl z ai ) 

cyclic 


> y y bl {x b2 z b3 +x b3 z b2 ) 

cyclic 

= y x bl y b2 z b3 . 


□ 


Ghi chu 3.2.2. Bat dang thitc xay ra khi va chi khi x = y — z. Tuy nhien, neu ta cho x — 0 
hay y = 0 hay z = 0, khi do ta co the di dang kiern tra dang thitc xay ra khi a l7 a 2 , a 3 > 0 va 
bi,b 2 ,b 3 > 0 neu va chi neu 

x — y = z hay x = y, z = 0 hay y = z, x — 0 hay z — x, y = 0. 

Ta co the stjC dung dinh ly Muirhead de editing minh bat dang thitc Nesbitt. 

(Nesbitt) Vdi moi so thuc dnong a, b , c, ta co 

a b c > 3 
b + c c + a a + b ~ 2’ 

Chtfrig minh 6. Quy dong kM mdu ta dttefe 

2 y^ a (a + b)(a + c) > 3(a + b)(b + c)(c + a) hay y^a 3 >y^a 2 b. 

cyclic sym sym 

(IMO 1995) Cho a, b , c la cac so dnong sao cho abc = 1. Chitng minh 

1 1 13 

a 3 (b + c) b 3 (c + a) c 3 (a + b) ~ 2 ’ 


Cach giai 2. Bat dang thitc da cho tUdng dnong 

1 1 1 

- a - | | mm - a 


a 3 (b + c ) b 3 (c + a) c 3 (a + b ) 2 (abc) 4 / 3 ' 

Dat a = x 3 ,b = y 3 ,c = z 3 vdi x,y,z > 0. Khi do, no trd thanh ^cyclic 
Khit mau ta ditdc 

y x 12 y 12 + 2 y x l2 y 9 z 3 + y x 9 y 9 z 6 > 3 y x ll y 8 z 5 + 6 x 8 y 8 z 8 
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hay 




sym / \ sym 



> 0, 


va moi so hang d ve trai khong am theo dinh ly Muir head. □ 

Bai toan 27. (Iran 1996) Cho x , y , z la cac so thitc dttctng. CMng mink 

, 1 1 1 \ . 9 

(xy + yz + zx) -■ + ; rx + ? ; ^ > -. 

\(x + y) 2 (y + z) 2 (z + x) 2 ) 4 

CMng minh. Bat dang thitc da cho trfdng drfdng 

4 ^ x 5 y + 2 ^ x 4 yz + 6x 2 y 2 z 2 — ^ x 4 y 2 — 6 ^ x 3 y 3 — 2 ^ x 3 y 2 z > 0. 

sym cyclic sym cyclic sym 


x 5 y - X^y 2 ^ + 3 x 5 y - ^ x 3 y 3 \ + 2 xyz (?>xyz + ^ x 3 - ^> 0. 

, sym sym / \ sym sym / \ cyclic sym / 

Thed dinh ly Muirhead va bat dang thitc Schur, n6 la tdng cua ba s6 hang khdng am. □ 
Bai toan 28. Cho x, y, z la cac so thitc khdng am vdi xy + yz + zx — 1. CMng minh 

1115 

- 4 “-^ —. 

x+y y+z z+x 2 

CMng minh. Sit dung xy + yz + zx = 1, ta dang nhat hoa bat dang thitc da cho: 

(xy + yz + zx) ( 


1 1 1 

x + y y + z z + x 


hay 


hay 


4 ^ x 5 y + ^ x 4 yz + 14 yy x 3 y 2 z + 38x 2 y 2 z 2 > ^ x 4 y 2 + 3 ^ x 3 y 3 



y: x 4 y 2 j + 3 | yy x 5 y - x3 yj + X V Z | x3 + 14 + 38 x yz 

sym / \ sym sym / \ sym sym 


Bang dinh ly Muirhead, ta nhan ket qua. Trong bat dang thitc d tren, khong can dieu kien 
xy + yz + zx— 1, dang thitc xay ra neu va chi neu x = y,z = 0 hay y — z,x = 0 hay z = 
x, y = 0. Vi xy+yz+zx = 1, dang thitc xuat hien khi (x, y, z) — (1,1, 0), (1, 0,1), (0,1,1). □ 
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3.3 Chuan hoa 

Trong phan trUdc, ta da biet dupe each chuyen mot bat dang thtfc khong thuan nhat sang 
bat dang thtfc thuan nhat. Hay noi each khac, bat dang thtfc thuan nhat cung co the dupe 
chuan hoa theo nhieu each khac nhau. Ta dua ra hai each giai cua bai toan 8 bang each 
chuan hoa: 

(IMO 2001/2) Cho a, b, c la cac so thuc dUdng. Chilng minh rang 

a b c ^ ^ 

Va 2 + 86c s/'b? -f 8ca \/c 2 + Sab ~ 

Cach giai 3. Ta thuc hien phep the x = a+ ° +c , y — a + b+c , z = a+ ^ +c - 2 Bai toan la: 

xf(x 2 + 8 yz) + yf(y 2 + 8 zx) + zf(z 2 + 8 xy) > 1, 

trong do f(t) — ^=. Vi / la ham loi M + va x + y + z = 1, ta ap dung bat dang tiitfc Jensen 
(co trong) ta dupe 

xf(x 2 + 8 yz) + yf(y 2 + 8 zx) + zf(z 2 + 8 xy) > f(x(x 2 + 8 yz) + y(y 2 + 8zx) + z(z 2 + 8xy)). 
Chu y rang /(l) = 1. Vi ham / la ham giam ngat, ta chilng minh 

1 > x(x 2 + 8 yz) + t/(t/ 2 + 8 zx) -f- :^(^ 2 + 8xy). 

Sil dung z + iz + z = 1, ta thuan nhat no (x+y+z) 3 > x(x 2 + 8yz)+y(y 2 +8zx) + z(z 2 + 8xy). 
Tuy nhien, ta de thay ttf 

(x + y + z) 3 -x(x 2 + 8yz)-y(y 2 + 8zx)-z(z 2 +8xy) = 3 [x(y-z) 2 + y(z-x) 2 + z(x-y) 2 ] > 0. 

□ 

Trong each giai tren, ta chuan hoa x + y + z — 1. Bay giP ta chhng minh no bang each 
chuan hoa xyz — 1. 

Cach giai 4■ Ta si! dung phep the x ~ y = ^, z — Khi do, ta dupe xyz = 1 va bat 
dang thile trd thanh 



tUOng dUOng 

\/(l + 8x)(l + 8 y) > \/(l + 8x)(l + 8^/)(1 + 8z). 

Sau khi binh phudng hai ve, no tUdng dUdng 

8(x + y + z) + 2y/ (1 + 8x)(l + 8y)(l + 8 z) ^ \/l + 8x > 510. 


2 Chia a + b + c ra bat dang thtfc tncirig during Acyclic y 2 a+b+c > 1. 
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Ta nhd rang xyz = 1. Bat dang thtfc AM-GM cho ta x + y + z > 3, 


(l+8x)(l+8?/)(l+8z) > 9x*-9y9-9z* = 729 va ^ \/T+8x > ^ V9x* > 9(xyz)*? = 9. 

cyclic cyclic 

Stf dung ba bat dang thtfc nay ta drfdc. □ 

(IMO 1983/6) Cho a, b, c la cac canh cua mot tam giac. Chtfng minh 
a 2 b(a — b) + b 2 c(b — c) + c 2 a(c — a) > 0. 

Cach giai 2. Sau khi dat a = y + z, b — z + x, c = x + y vdi x, y, z > 0, no trd thanh 

2 ^2 

x 3 z + y 3 x + z 3 y > x 2 yz + xy 2 z + xyz 2 hay-h — H- > x + y + z. 

y z x 

Vi no thuan nhat, ta co the gidi han trong trrfdng hop x + y + z — 1. Khi do, no trd thanh 



trong do f(t) — t 2 . Vi / la ham loi tren M, ta ap dung bat dang thtfc Jensen (co 
drfdc 



zf (B +xf (x) -f(y' 


x -+z- v - 

y z 


/(i) = i- 


trong) ta 


Bai toan 29. (KMO Miia Dong 2001) CMng minh rang, cho a,b,c> 0, 

\J ( a 2 b + b 2 c + c 2 a) ( ab 2 + be 2 + ca 2 ) > abc + y/ (a 3 + abc) (b 3 + abc) (c 3 + abc) 
Cach gidi 1. Chia cho abc, no trd thanh 


Sau khi the x — y = ^, z — ta, drfdc rang buoc xyz = 1. No lay trf 




/(x + y + z) (xy + yz + zx) > 1 ^ 



Trf rang buoc xyz = 1, ta tim hai dong nhat thtfc 



(z + x)(x + y)(y + z), 


(x + y + z) (xy + yz + zx) = (x + y)(y + z)(z + x) + xyz = (x + y)(y + z)(z + x) + 1. 
Cho p = y/(x + y) (y + z) (z + x), bat dang thtfc trd thanh \/p :i + 1 > 1 + p. Ap dung bat 
dang thtfc AM-GM, ta co p > %J‘2 y /xy • 2^/yz ■ = 2. It follows that (p 3 + l) — (1+p) 2 = 

p(p + l)(p — 2) > 0. □ 
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Bai toan 30. (IMO 1999/2) Cho n la so nguyen vdi n > 2. 

(a) Xac dinh hang nhd nhat C sao cho xay ra bat dang thtic 



vdi moi so thitc x\, ■ ■ ■ , x n > 0. 

(b) Cho hang C, hay xac dinh khi nao dang thvZc xay ra. 

Cach giai 1. (Marcin E. Kuczma 3 ) Vdi x\ — ■ ■ ■ — x n — 0, xay ra vdi bat ky C > 0. 
Vi vay, ta xet trrfdng hop khi ■ ■ • + x n > 0. Vi bat dang tlnic thuan nhat, ta co the 
chuan hoa thanh xi + • ■ ■ + x n = 1. Ta ky hieu 

F( Xl , ■ ■ ■ , x n ) = + x2 j)- 

1 <i<j<n 


Tif gia thiet x± -I?-b x n = 1, ta co 

F{ Xl , • • • , x n ) = Xi 3 Xj Y X i X f - X{i J2 Xi= X ?( l - Xi ) 

1 <i<j<n 1 <i<j<n l<i<n j^=i l<i<n 


= Y x i( x i 2 ~ x i 3 )' 

Ta noi rang C = Du chilng to rang 


Bo de 3.3.1. 0 < x < y < \ suy ra x 2 — x 3 < y 2 — y 3 . 

CMng minh. Vi x + y < 1, ta drfOc x + y > (x + y) 2 > x 2 + xy + y 2 . Vi y — x > 0, th day 
suy ra y 2 — x 2 > y 3 — x 3 hay y 2 — y 3 > x 2 — x 3 , nhrf mong muon. □ 

Trtfcing hdp 1. | > Xi > x 2 > • • • > x n 



Trtfcfng hcfp 2 . xi > \ > x 2 > ■ ■ • > x n Let x\ = x va y = 1 — x = x 2 + ■ ■ ■ + x n . Since 
y > x 2 , • • • , x n , 


F(x i, * • • , x n ) = x 3 y + Y x i( x i 2 ~ x i 3 ) <x 3 y + Y x i(,V 2 ~ V 3 ) = x3 V + v(v 2 ~ V 3 )- 

i =2 i =2 

3 Toi chi thay doi mot ft each giai cua tac gia trong [Au99]. 
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Since x 3 y + y(y 2 — y 3 ) — x 3 y + y 3 ( 1 — y) — xy(x 2 + y 2 ), it remains to show that 
xy(x 2 + y 2 ) < 

Si'i dung x + y = 1, ta thuan nhat hoa bat dang thUc trennhu sau. 

xy(x 2 + y 2 ) < x + y ) 4 . 

Tuy nhienr, ta thay ngay rang (x + y ) 4 — 8 xy(x 2 + y 2 ) — (x — y) 4 > 0. 


□ 


Bai tap 12. (IMO 1991) Cho n la mot so nguyen vdi n > 2. Tim gid tri Idn nhat cua 

t: xiXj(xi+Xj), 

1 <i<j<n 


trong do x i, • • • ,x n > 0 va Xi + - \-x n — l. 

Ta ket thuc phan nay bang chtfng minh khac cua bat dang thilc Nesbitt. 

(Nesbitt) Vdi moi so thcfc difdng a, b, c, ta co 

a b c 3 

- 1 - 1 -> 

b + c c + a a + b 2 


Chtfrig minh 7. Ta co the chuan hoa a + b + c — 1. Chu y rang 0 < a, b, c < 1. Bai toan 
bay gid trd thanh chdng minh 


E bT~ c = S | tron 9 0 = T^c- 


Vi f la ham loi tren (0,1), bat dang thdc Jensen chi ra 


5 E M > 1 





l hay ^ f(a ) > 

cyclic 


Chtfrig minh 8. (Cao Minh Quang) Gid sita+b+c = 1. Chu y ab+bc+ca < |(a+6+c) 2 = 
Manh hcln, ta lap 

a b c ,, 9, , . 

■fife#»—— > 3 — {ah — be — ca) 


hay 


b + c <3 + a i/ — b 


a , 9a(6 + c) ^ , ^ 6 , 9b(c + a) \ t f c t 9c(a + b) \ 

b + c 4 / \c + a 4 / \a + 6 4 — 


dang thUc AM-GM chting to 

\ a 
' b + c 


cyclic 


y — + 9a(i, + c) > y 2. 9n(i, + c) = V 3a = 3. 

h 4- r 4 — ^ V ft 4- r 4 ^ 
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Chtfrig minh 9. Bay gid, ta tach doi xvtng bang each chuan hoa phii hop. Vi bat dang thvtc 
doi xvtng theo ba bien, ta co the gid sit a > b > c. Sau khi the x — ". y — b c , ta co x >y >1. 
No trd thanh 


*®Jff7T + 


13, x y 

— ± > - hay -1-. 

\ + h - ~ 2 y+ 1 x + 1 ' 


1 

x + y' 


Ap dung bat dang thvtc AM-GM ta dvtOc 


x +• 1 y — 1 , , x y n 1 1 

-7 H-7 ^ 2 hay -— H -— >2-— H -—. 

y + 1 x + 1 y + 1 x+1 y + 1 x + 1 


Ta chvtng to rang 

2 1 1 > 3 _ 1 1 _ 1 > 1 _ 1 
y +1 x+1“2 x+y 2 y + l — x + 1 x+y 

Tuy nhien, bat dang thvtc sau cung ro rang xay ra vdi x > y > 1. 


y - 1 


y- 1 ^_ 

2(1 + y) “ (x + l)(x + y)' 


Chifrig minh 10. IVTi?/ irony c/t^ny minh tritdc, ta chuan hoa c = 1 vdi gid svt a>b > 1. 
Ta chvtng minh 

a b 13 

6 + 1 a +1 a + fe 2 
Cho A — a + b va B = ab. No trd thanh 


a 2 + 6 2 + a + 6 1 ^3 ^4 2 — 2.B + 1^3 

(a + 1)(6 + 1) + a + b ~ 2 A + B + l + A~ 2 


hay 2A 3 -A 2 -A+2 > B(7A-2). 


Vi 7A — 2 > 2(a + 6 — 1) > 0 va A 2 = (a + 6) 2 > 4a6 = 4B, ta chi can chvtng minh 
4(2A 3 - A 2 - A + 2) >A 2 (7A-2) & A 3 -2A 2 - 4A + 8>0. 

Tuy nhien, ta di thay rang A 3 — 2A 2 — 4A + 8 = {A — 2) 2 (A + 2) >0. 
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3.4 Bat dang thufc Cauchy-Schwarz va Bat dang thufc Holder 

Ta bat dau bang dinh ly noi tieng sau: 

Dinh ly 3.4.1. (Bat ding thufc Cauchy-Schwarz) Cho a X} •'• • ,a n ,b x ,--- ,b n la cac so 

thitc. Khi do, 

(ai 2 + • • • + a n 2 )(6i 2 + • ■ ■ + b n 2 ) > (oi&i + • • • + a n b n ) 2 . 

Chting minh. Cho A = \Ja , 2: '^-b a n 2 va B = y/b x 2 + • ■ ■ + b n 2 . Trong trifdng hop khi 

A = 0, ta drfOc a x = ■ ■ ■ = a n = 0. Vi the, bat dang thufc da cho de dang xay ra. Vi the, ta 
co the gia suf rang A,B > 0. Ta chuan hoa 

1 = ai 2 +-ha„ 2 = b 2 • + b 2 . 

Vi vay, ta can cluing minh rang 


\a x b x + • • • + a n b n \ A. 1. 

Ta ap dung bat dang thufc AM-GM dan ra 

x* 2 y^ x ^ H - y ^ 

\x x y x H-b x n y n \ < \x x y x \ H-b \x n y n \ < ---1-b = 1. 

Bai tap 13. Chting minh dong nhat thtic Lagrange: 

(i> 2 )(f> 2 )-(i>) 

Bai tap 14. (Darij Grinberg) Gia sti rang 0 < a x < • • • < a n va 0 < b x < • • • < b n la cac 
so thitc. Chting minh 

a(£ 0 ‘) 

Bai tap 15. ([PF], S. S. Wagner) Cho a x , ■ ■ ■ , a n , b x , ■ ■ ■ ,b n la cac so thitc. Gia sti rang 
x G [0,1]. Chting minh 

( ^ a * 2 + ^ aiOj J f ^ b 2 + 2x ^ bibj J > f ^ a t bi + x ^ aj)j 

\j=l i<j / \ i=l i<j / \i=l i<j 

Bai tap 16. Cho a x , ■ ■ ■ , a n , b x , ■ ■ ■ ,b n la cac so thtic dticfng. Chting to 

\j (ai + • • • + a n )(b x + • • • + b n ) > \Ja x b x + • • ■ + y/a n b n . 

Bai tap 17. Cho a x , ■ ■ ■ ,a n ,b x ,--- ,b n la cac so thitc dticfng. Chting minh 

a x 2 a n 2 (a x H-b a n ) 2 

b x h b n ~ b x H-b b n ’ 
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Bai tap 18. Cho ai, • • • , a n , bi, ■ ■ ■ ,b n la cac so thuc dudng. Chdng to 

oi o>n 1 /a i a n \ 2 

b 2 + ~ b n 2 ' ai - -- (h> \l>] ~ ~ b n ) 

Bai tap 19. Cho ai, • • • , a n , bi, ■ ■ ■ ,b n la cac so thitc dudng. Chdng minh 

Ol _l_ _|_ 071 > (°1 ‘ ' ' T °n) 2 

b\ b n ~ a]bi + • • ■ + a n b n 

Bang each ap dung bat dang thde Cauchy-Schwarz, ta cho mot each giai khac cua bai 
toan sau. 

(Iran 1998) Chdng minh rang, vdi x, y, z > 1 sao cho | ^ ^ = 2, 


y/x + y + z > y/x-l + y/y- 1 + y/z - 1. 


Cdch giai 3. Ta ky hieu ^ = 1. Ap dung bat dang thde Cauchy-Schwarz ta 

dan ra 

,- /, . f x — 1 n — 1 z — l\ , -- /-- , -- 

\/xTrM = J(x + y + z) f—--h - 1 -—— J > y/x - 1 + y/y - 1 + y/z -1. 

□ 

Ta ap dung bat dang thde Cauchy-Schwarz de chdng minh bat dang thde Nesbitt. 

(Nesbitt) Vdi moi so drfdng a, b , c, ta co 

a b c > 3 
6 + c c + a a + 6 — 2’ 


Chrfrig minh 11. Ap dung bat dang thde Cauchy-Schwarz, ta co 

((b c) + (c + a) + (a + 6)) (— -1-1-A 3 2 . 

u ' v ' v ” \b + c c + a a + b) ~ 

Ta suy ra til 


a + b + c a + b + c a + b + c 9 


b +c c+a a+b 2 

Chrfrig minh 12. Bat dang thde Cauchy-Schwarz cho 


9 v-^\ cl 9 

— 2 hay a' 


E^E^-dME”) hay Edb s 

cyclic cyclic 


(a + b + c) 2 > 3 

b + c ~ 2 (ab+bc+ca) ~ 2’ 
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Bai toan 31. (Gazeta Matematica) ChUng minh rang, vdi moi a,b,c> 0 7 

y/a 4 + a 2 b 2 + b 4 +y/b 4 + b 2 c 2 + c 4 +Vc 4 + c 2 a 2 + a 4 > ay/2 a 2 + bc+by/2b 2 + ca+c\/2c 2 + ab. 

Giai. Ta drfdc chuoi dang thrfc va bat dang tlitfc 


= E\/( a4+ ?) + ( 64+ ?) 

cyclic cyclic V ' ' ' ' 

1 v- (r ^ L 
2 f 4+ — + V 64+ — 


(Cauchy — Schwarz) 


1 / / , a 2 6 2 / , a 2 c 2 

" v° + - + V“ 4+ - 


cyclic V v 7 x 

> v^e/ 


a 2 bc 


(AM - GM) 

(Cauchy — Schwarz) 


cyclic 

= ^2 V 2a 4 + a 2 bc 


Day la nghiem ingenious cua 

(KMO Miia Dong 2001) Chrfng minh, vdi moi a,b,c> 0, 
yj(a 2 b + b 2 c + c 2 a) (ab 2 + be 2 + ca 2 ) > abc + y/ (a 3 + abc) (b 3 + abc) (c 3 + abc) 
Cac/i </icH jg. (drfa theo bai giai cua ben tham gia) Ta co 


y/(a 2 b + b 2 c + c 2 a) ( ab 2 + be 2 + ca 2 ) 

= ^ y/[b(a 2 + be) + c(b 2 + ca) + a(c 2 + aft)] [c(a 2 + be) + a(b 2 + ca) + b(c 2 + ab)] 
> ^ ^\/&c(a 2 + be) + y/ca(b 2 + ca) + y/ab(c 2 + ab )^ 


(Cauchy — Schwarz) 


H \JVbc(a 2 + be) ■ yfca{b 2 + ca) ■ y/ab(c 2 + ab) 


(AM - GM) 


= ^ y/(a 3 + abc) ( b 3 + abc) (c 3 + abc) + y/ (a 3 + abc) ( b 3 + abc) (c 3 + abc) 


> ^ \J 2y/ a 3 • abc ■ 2yf\fi ■ abc ■ 2y/c 3 ■ abc + yj (a 3 + abc) ( b 3 + abc) (c 3 + abc) (AM — GM) 


= abc -f y/ (a 3 + abc) (b 3 + abc) (c 3 + abc). 
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Bai toan 32. (Andrei Ciupan) Cho a, b, c la so thiCc dUdng sao cho 


a + b + 1 b + c+1 c + a + 1 
Show that a + b + c > ab + be + ca. 

Cach giai 2. (by Andrei Ciupan) Bang each ap dung bat dang thrfc Cauchy-Schwarz, ta 
drfpc 

(a + b + 1) (a + b + c 2 ) + (a + b + c) 2 

hay 

1 < c 2 + a + 6 

o + 6+ l (a + b + c) 2 
Bay gid bang each tinh tong cyclic, ta drfpc 


1 


1 


. a 2 + 6 2 + c 2 + 2(a + b + c) 
(a + b + c ) 2 


a+6+1 6+c+l c+a+1 

Nhrfng trf dieu kien, ta co the thay rang 

a 2 + 6 2 + c 2 + 2(o + b + c) > (a + b + c) : 

va vi the 

a + b + c> ab+ bc + ca. 

Ta thay rang dang thrfc xay ra neu va chi neu a — b — c—1. 

Cach giai 2. (by Cezar Lupu) Trrfdc tien, ta thay rang 

2 > f i_1_^ = V G + b = V — 

\ a + b + 1 J a + 6+1 —f (a 

cyclic cyclic cyclic 

Ap dung bat dang thrfc Cauchy-Schwarz ta co 

(a + 6) 2 (^)a + b ) 2 _ 4^)a 2 + 8^a6 


(o + bf 


+ 6) 2 + a + 6' 




cyclic 


(a + 6) 2 + a + 6 Y2( a T 6) 2 + a + 6 2y~)o 2 + 2y~)a6 + 2y~)a 


hay 


a + 6 + c > a6 + 6c + ca. 


□ 


Ta minh hoa ky thuat chuan hoa de thiet lap cac dinh ly co dien. Si3f dung cung y trfdng 
trong viec cluing minh bat dang thrfc Cauchy-Schwarz, ta tim each tong quat: 

Dinh ly 3.4.2. Cho aij(i,j = !,••• ,n) la cac so thuc dUOng. Khi do, ta co 


(an" + • • • + ai„ n ) • • • ( a n \ n + • • • + a nn n ) > (011021 • • • a n \ + • • • + 0i n 02 n • • • a nn ) n . 
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Chiing minh. Vi bat dang thiic thuan nhat, nhrf trong cluing minh cua dinh ly 11, ta chuan 
hoa 

( an n + - b Oj n n )” = 1 hay a,i n + • • • -b a in n = 1 (i = 1, • • • , n). 

Khi do, bat dang thiic co dang ana 2 i • • • a„i H- b ai n a 2n • • • a nn < 1 hay °*i''' a m < 

1. Vi vay, ta chi can chiing to rang, vdi moi i = 1, • • • , n, 

Oil • • • a in < —, trong do cm" + • • • + a in n — 1. 
n 


De hoan tat chiing minh, ta van con bat dang thiic thuan nhat sau: 


□ 


Dinh ly 3.4.3. (Bat ding thufc AM-GM) Cho ai, • • • , a n la cac so thitc dvCdng. Khi do, 
ta co 




Chitng minh. Vi bat dang thiic la thuan nhat, ta co the "gian" ai, • • • ,a n sao cho ai ■ ■ ■ a n = 
1. 4 Ta muon chiing to rang 


«i • • • a n = 1 =>• ai + -h a n > n. 

Chiing minh bang dan chiing theo n. Neu n — 1, tarn thrfdng. Neu n = 2, khi do ta drfdc 
ai + a 2 — 2 = ai + a 2 — 2y / aia 2 — (y'al — ^/a^) 2 > 0. Bay gid, ta gia sii rang bat dang 
thiic xay ra vdi so nguyen drfdng n > 2 nao do. Va cho a^, • • •, a n+ i la cac so drfdng sao 
cho ai ■ ■ • a n a n+ i=l. Ta gia sii rang ai > 1 > a 2 . (Tai sao?) Suy ra tit aia 2 + 1 — ai — a 2 = 
(ai — l)(a 2 — 1) < 0 sao cho aia 2 + 1 < ai + a 2 . Vi (aia 2 )a 3 • • • a n = 1, do gia thuyet quy 
nap, ta co aia 2 + a 3 +-b a n +\ > n. Vi vay, a\ + a 2 — 1 + a 3 .#» —b a n +i > n. □ 

Quan sat ddn gian sau (khong la meo dau nhe!): 


Cho a, b > 0 va m, n e N. Lay Xi — ■ ■ ■ — x m = a va x m+ i = • • • = x Xm+n = b. 
Ap dung bat dang thiic AM-GM cho .Ti, • • • , x m+n > 0, ta drfdc 


ma + nb 
m + n 


> ( a m b n 


hay - a + - 

m + n 7 


Vi vay, vdi moi so hhu ti drfdng u>\ va uj 2 vdi + o; 2 = 1, ta drfdc 


u\ a + u >2 b > a Wl b W2 . 


Ta co 

Dinh ly 3.4.4. Cho u>i, u 2 > 0 with + u 2 = 1. Vdi moi x, y > 0, ta co 
uji x + uj 2 y > x^y^ 2 . 

4 Dat Xi = -— ai i («=!,••• , n). Khi do, ta dUOc x\ ■ ■ ■ x n = 1 va no trd thanh x± + -b x n > n. 
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Chitng minh. Ta c6 the chon day so drtdng huu ti a%, a 2 , a 3 , • • • sao cho 
lim a n = wi. 

Va dat bi = 1 — a*, ta drfdc 

lim b n = u> 2 - 

Tif quan sat trrfdc, ta co 

a n x + b n y > x an y bn 

Bang each lay gidi han hai ve, ta drfdc ket qua. □ 

Thay doi mot chut d tren, ta thay bat dang thtic AM-GM dan ra 

Dinh ly 3.4.5. (Bat ding thtic AM-GM co trong) Cho co 1} - ■ ■ ,u> n > 0 vdiu \\frV •+u n = 
1. Vdi moi Xi, ■ ■ ■ , x n > 0, ta co 


Wi Si +-1- 0J n X n > Xi W1 • • • x n Wn . 

Cach khac, ta thay rang no la he qua cua ham loi In a:. That vay, bat dang tlitfc Jensen 
co trong noi rang ln(o;i Xi + ■ ■ ■ + u n x n ) > ln(xi) +-ln(x n ) = ln(xi Wl ■ ■ ■ x n UJn ). 

Nhd lai rang bat dang thtic AM-GM drfdc srf dung de dan ra dinh ly 18, do la tong quat 
cua bat dang thtic Cauchy-Schwarz. Vi ta co bat dang thtic AM-GM co trong, ta lap bat 
dang tlitfc Cauchy-Schwarz co trong. 

Dinh ly 3.4.6. (Holder) Cho Xij (i — 1, • • • ,m,j — l,---n) la cac so thitc dvtctng. Gia sit 
rang Ui, • • • ,u n la cac so thitc thoa man +-b u n = 1. Khi do, ta co 

3 (!>■)’4 (H 

Chvtng minh. Vi tmh thuan nhat cua bat dang thtic, nhrf trong chting minh dinh ly 12, ta 
co the gian (rescale) X\j, * • • , x m j sao cho x\j + • • • + x m j = 1 vdi moi j e {1, • • • , n}. Khi 
do, ta can chtfrig to 

ni^En 1 

r -4 i =1 i-'l 3 =1 

Bat dang tlitfc AM-GM co trong cho ta 

it, u $ x v ~ n x >p (® e {i, ■ ■ ■, m}) it it ^ £ n ^■ 

Tuy nhien, ta co ngay 

^ itit^v = zx- (z = it **= l 
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ChUOng 4 
Tinh lOi 


Bat ky y titdng nao chi the hien khong qua, mam mitdi tit. S. M. Ulam 

4.1 Bat dang thdc Jensen 

Trong chitdng tritdc, ta dan ra bat dang thitc AM-GM co trong til bat dang thitc AM-GM. 
Ta sijf dung cung y titdng de nghien citu cac bat dang thitc ham sau day. 

Menh de 4.1.1. Cho f : [a, 6] —* M la mot ham lien tuc. Khi do, cac menh de sau titdng 
dUdng. 

(1) Vdi moi n <G N, bat dang thdc sau xay ra. 

Wi/(xi) + • Wnf(x n ) > f{u 1 Xi-\ -+ Ul n X n ) 

vdi moi xi, ■ ■ ■ , x n e [a, b] va u\, ■ ■ ■ , u n > 0 vdi u\ H- \-u> n = 1. 

(2) Vdi moi n <G N, bat dang thitc sau xay ra. 

fif(xi) H-h r n f(x n ) > /(n xi H- Vr n x n ) 

vdi moi xi, ■ ■ ■ , x n e [a, b] va n, • • • , r n e Q + vdi ri + ■ ■ ■ + r n = 1. 

(3) Vdi moi N e N, bat dang thitc sau xay ra. 

f(yi) + — \-f(yN) > , f yi + —1~ vn \ 

N - 1 V N ) 

vdi moi 2 / 1 , - - - ,Vn € [a,b]. 

(4) Vdi moi k e {0,1, 2, • • • }, bat dang thitc sau xay ra. 

f(y i) -i- f(y2 k ) > f f 2/1 -1-1~ U2 k \ 

2 fc - 7 V 2 fc 

vdi moi 2/1, - - * , 2/2 fc £ [<b 6 ] • 

(5) Ta co lf(x) + \f{y) > / (^) odi moi x,y e [a,b]. 

(6) Ta co A f(x) + (1 — A )f(y) > f (Ax + (1 — A )y) vdi moi x, y e [a, b ] va A e 

(0,1)- 
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CMng mink. (1) =>- (2) =>• (3) (4) (5) la ro rang. 


(2) (1) : Let xi, ■ ■ ■ , x n e [a, b] va u>i, ■ ■ ■ , u n > 0 vdi u-! H-f- u n = 1. Ta c6 the thay 

rang ton tai chuoi so hrfu ti drfdng {rfc(l)}fc £ N, • • •, {r k (n)} keN thoa man 

^lim r k (j) = Wj (1 < j < n) va r k ( 1) +-b r k (n) = 1 for all fceN. 

Trf gia thiet trong(2), ta drfdc r k (l)f(xi) + • • • + r k (n)f{x n ) > f{r k ( 1) Xi + • • • + r k (n) x n ). 
Vi / lien tuc, lay k oo hai ve dan ra bat dang thrfc 

Ulf( x l) H-1- U n f(x n ) > f(u 1 ®1 4-b ®n)- 

(3) =4- (2) : Cho xi, - • • , r„ e [a, 6] va ri, • • • , r n e Q + vdi fi H-b r n = 1. Ta thay rang 

mot so nguyen drfdng iVeN sad cho Nr 1: • • •, iVr n e N. Vdi moi i 6 {1, • • • , n}, ta co the 
viet r» =H|| trong do p* e N. Ta suy ra trf -b r n = 1 that N = pi -\ -bp n - Khi do, 

(3) suy ra 

rif(x i) +-brj(x„) 

Pi lan p n lan 

_ f( x l) +-1~ f( x l) 4-+ f( x n) +-1~ f( x n) 

N 

( Pi lan p n lan \ 

^ r X 1 + ' ' ' + Xl + • • • + X n + • • • + X n 

~ ; N 

V 

= f(r 1 X 1 + -b r n x n ). 

(4) => (3) : Cho yi,--- ,y N e [a, 6]. Lay k e N sao cho 2 k > N. Cho a = Khi do, 

(4) dan ra 

f{yi) H-+ f(VN) + (2 fc - n)f{a) 

2 k 

(2 fc - N) lan 

_ f(y l) H-H f(yN) + /(q) H-b /(q) 


> / 


= /( 

sao cho 

/(»! + • • • + /tor) > iV/(«) = A7 ( j/1 + ' 7v + j/ ' T 


2 fc 

/ (2 fc - V) lan\ 

2/i H— i|§b <H-Ha 

V / 

a) 
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(5) =>- (4) : Ta sii dung quy nap theo k. Trong trudng hop k = 0,1, 2, qua ro rang. Gia sii 
(4) xay ra vdi k > 2 nao do. Cho yi, ■ ■ ■ , y 2 k+i G [a, b ]. Bang gia thuyet quy nap, ta dupe 


> 


f(yi) + —h f(y 2 fc ) + f(y2 k +i) h— + f(y2 k + i ) 

2 V + 2 ‘/ (»±i±__±»2i 


+ / 




/ 2/1H-b V 2 k , 2/ 2 fc+i' ) -^ 

> 2 k+1 f -^^ 


= 2 k+1 f f VlJ> - h V2k+1 


2 k+1 


Vi vay, (4) dung vdi k + 1. Xong quy nap. 

Hon nha, Ta da thiet lap (1), (2), (3), (4), (5) trfdng dudng. Vi (1) (6) (5) ro rang, 

Dieu nay hoan tat cluing minh. □ 

Dinh nghia 4.1.1. Mot ham thitc f ditefe goi la loi tren [a,b] neu 


A/(x) + (1 - A )f(y) > f (Xx + (1 - A )y) 


vdi x, y G [a, b] m A e (0,1). 

Menh de tren noi rang 

He qua 4.1.1. (Bat ding thufc Jensen) Cho f : [a,b] — » R la mot ham loi lien tuc. Vdi 
moi xi, ■ ■ ■ ,x n G [a, b], ta co 

f(x i) + --- + f(x n ) > / Ji + -- + x n \ 

n ~ \ n ) ’ 


He qua 4.1.2. (Bat ding thufc Jensen co trong) Cho f : [a, b] —> R la ham loi lien 
tuc. Cho w i, • • • , uj n > 0 vdi uj\ + • • • + oj n — 1. Vdi moi aq, ■ ■ ■ , x n G [a, b], ta co 


vif(xi) H-1- uj n f(x n ) > f(u i xi H-h u n x n ). 


Thuc ra, ta co the tmh lien tuc cua /. Nhu trong bai tap, cluing to rang moi ham loi tren 
[a, b\ la lien tuc tren (a, b). Vi the, moi ham loi tren R la lien tuc tren R. Ta drfOc 

He qua 4.1.3. (Chi tieu loi I) Cho f : [a, b] — * R la ham lien tuc. Gia sti 

f(x) + f(y) > f ^ + ^ 

vdi moi x, y G [a, b\. Khi do, f la ham loi tren [a, b\. 

Bai tap 20. (Tieu chuan loi II) Cho f : [a, b] —» R la ham lien tuc co vi phan hai Ian 
tren ( a,b ). ChiCng to rang cac menh de sau tUdng duong. 
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(1) f"(x) > 0 vdi moi x e (a,b). 

(2) f la ham loi tren (a, b). 

Khi ta dan ra (5) =>• (4) =>• (3) =>• (2) trong menh de, ta khong sil dung tmh lien tuc cua 

/: 

He qua 4.1.4. Cho f : [a, b] —> M la mot ham. Gia sit 
f(x) + f(y) > f + 

vdi moi x, y e [a, b]. Khi do, ta dttdc 

rif(xi) H-b r n f{x n ) > f(n x\ H-b r n x n ) 

vdi moi xi, - ■ ■ ,x n G [a, b] va n, • • • ,r n e Q + with n >§?#! • • + r„ = 1. 

Ta ket thuc phan nay bang bieu dien mot cluing minh dan cluing quen thuoc cua bat dang 
thilc Jensen co trong. Ta co the bo qua tfnh lien tuc cua /. 

Cach giai 2. Bat dang thilc dung vdi n = 1, 2. Ta gia si! no dung vdi n G N. Cho aq, • • • ,x n , x n+i e 

[a, b] va Ui, ■ • * , u > n+ 1 > 0 with Ui + * * - + u> n+ i = 1. Since 1 _^ +i |r# • + 1 _^ = 1, ta suy 

ra til gia thiet quy nap 

w>if (aq) • • + uj n +i f (x n+1 ) 

= (1 - u n+ 1 ) ( —^- f(x i) + • • • + - f(x n ) \ + UJ n+1 f(x n+1 ) 

V1 — u n+\ l-U n+1 ) 

> (1 — W ) n+ \)/ ( -- Xi + ■ ■ ■ + -- X n ) + U n+ if(x n+ i) 

V 1 - U> n+ 1 1 - U> n+ 1 J 

> / ( (1 — ^n+l) ^- X\ + • ■ • + ---x n + a; n+ iX n+ i ) 

V L 1 — uj n +1 t — a; n+ i J / 

= f(u>iXi + ---+U n+ iX n+ i). 
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4.2 Cac trung binh luy thijfa 

Tinh loi la mot trong nhilng khai niem quan trong trong giai tich. Bat dang thrfc Jensen la 
cong cu that si 1 rat manh trong ly thuyet bat dang there. Trong phan nay, ta se thiet lap bat 
dang thtfc trung binh luy thrfa bang each ap dung bat dang thtfc Jensen theo hai each. Ta 
bat dau vdi bo de ddn gian. 

Bo de 4.2.1. Cho a, b, va c la cac so thitc ditdng. Ta dinh nghia ham f : M. —> M bang each 

/w . ln( ™±£i), 

trong do x e R. Khi do, ta ditdc /'(0) = In (abc)3. 

CMng minh. Ta tinh f(x) — aXlna ^ b ^ x b ^ x cXlnc • Khi do, /'(0) = lna + 1 ” b + lnc — l n (afrc)iL □ 

Bo de 4.2.2. Cho f : R —> R la ham lien tuc. Gia sit f tang ddn dieu tren (0, oo) va tang 
ddn dieu tren (—oo, 0). Khi do, f tang ddn dieu tren R. 

Chitng minh. Ta cluing to / tang ddn dieu tren [0, oo). Do gia thuyet, ta cluing to fix) > /(0) 
vdi moi x > 0. Vdi moi e e (0, x), ta co f(x) > /(e). Vi / lien tuc tai 0, ta drfdc 

f(x) > hm /( € ) =/(0). 


Trfdng tit, ta thay rang / tang ddn dieu tren (—oo, 0]. Ta chi ra rang / tang ddn dieu tren 
R. Cho x va y la cac so thrfc vdi x > y. Ta muon chrfng to f(x) > f(y). Trong trrfdng 
hdp 0 ^ (x, y), ta co drfdc ket qua dd gia thuyet. Trong trrfdng hdp x > 0 > y, chi ra rang 

fix) > m > f(y). □ 

Dinh ly 4.2.1. (Bat ding thufc trung binh luy thufa theo ba bien) Cho a, b, va c la 

cac so thitc ditdng. Ta dinh nghia mot ham M( a j, c) : R —> R bdi 

M (a , v) (0) = %fc, M KM (r)= ( ^±tL±G j r (r#0 ). 

Khi do, M( a; b jC ) la ham lien tuc tang ddn dieu. 

Chvtng minh 1. Viet M{r ) = M( a b c) (r). Ta thiet lap M lien tuc. Vi M lien tuc tai r vdi moi 

r/0, ta chi chrfng minh _ 

lim M(r) — \fabc. 

Cho f(x) = Introng do x € R. Vi /(0) = 0, bo de 2 chilng to 

lim f|Sfc lim /(r) ~ /(0) = /'(0) - ln Vote. 
r—»o r i —>o r - 0 

Vi e x la ham lien tuc, nghia la 

lim Mir) = lim e ln ^ = \fdfc. 

i—>0 V ' r—>0 
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Bay gid, ta chilng to M tang ddn dieu. Do bo de 3, ta thiet lap M tang don dieu tren (0, oo) 
va tang ddn dieu tren (— 00 , 0). Ta cluing to M tang ddn dieu tren (0, 00 ). Cho x > y > 0. 
Ta muon chilng to 

^a x + b x + * > ^ a y + b y + c 2 ^ « 

Sau khi the u = a y , v — a y , w = a z , no trd thanh 


U y + V y - 
3~” 


u + v + w 
3 


Vi no thuan nhat, ta chuan hoa u + v + w — 3. Ta can chilng minh rang 

G(u) + Gjv) + Gjw) > 

3 “ ’ 

trong do G(t) = tv, trong do t > 0. Vi - > 1, ta thay rang G loi. Bat dang thilc Jensen 
chilng to 

G(u) + G(v) + G(w) ^ (u + v + w 

3 - V 3 

Trfdn tit, ta dan ra M tang ddn dieu tren (— 00 , 0). □ 

Ta da biet rang tmh loi cua f(x) = x x (A > 1) dan ra tinh ddn dieu cua cac trung binh 
luy tlnra. Bay gid, ta se chilng to tinh loi cua x In x cung dan ra bat dang thilc trung binh 
luy tliila. 

CMng minh 2 cua tinh ddn dieu. Viet f(x) = M ( a;6 c )(x). Ta sil dung dinh ly ham tang. Do 
bo de 3, ta chi can chilng minh f'{x) > 0 vdi moi r^0. Cho 16 K - {0}. Ta tinh 


) = 0 ( 1 ) = 1 - 


/'M = + A„ = _1 ln ( a x + y+ C" \ 1 pa-^a + t^ + ^liic) 

fix) dx x 2 \ 3 ) x |(a x + b x + c x ) 

hay 

x 2 f(x) _ ( a x + b x + c x \ a x ln a x + b x ln b x + c x ln c x 
f{x) U \ 3 / + a x + b x + c x 

Ta thiet lap f(x) > 0, ta thiet lap 

a x ln a x + b x ln b x + c x ln c x > ( a x + b x + c x ) ln f C 1 • 


Ta gidi thieu ham / : (0, 00 ) —> R bdi f(t) — tint, trong do t > 0. Sau khi the p = a x , 
q = a y , r = a z , no trd thanh 

f(p) + fid) + fix ) > 3 / ( P + l + r ) • 

Vi / loi tren (0, 00 ), th bat dang thilc Jensen ta suy ra. □ 


61 



Tir he qua, ta dupe bat dang thtic RMS-AM-GM-HM vdi ba bien. 
He qua 4.2.1. Vdi moi so thiCc dudng a, b, va c, ta co 


a 2 + b 2 + c 2 a + b + c 3/ — 3 

-3-“ 3 “ ^ “ -J+l+1' 

Chxtng minh. Bat dang there trung binh lily thha cho ta M ((hb ^ (2) > M( a>6jC )( 1) > M^ bjC )( 0) > 

M {a , b ,e)(- 1 | ” ” □ 

Sue dung tmh loi cua x In x hay tmh loi cua x x (A > 1), ta thiet lap tmh dcJn dieu cua 
trung binh luy theta vdi n la so there dudng. 

Dinh ly 4.2.2. (Bit dang thufc trung binh luy thufa) Cho aq, • • • ,x n > 0. TYung binh 
luy thita cua bac r dude dinh nghla bdi 

M (xu-,x n )(0) = &X! ■ ■ ■ x n , M {xir .. , Xn) (r) = ^ 1+ n + Xn ^ (r £ 0). 

Khi do, jXn ) : M —> M lien tuc va tang ddn dieu. 

Ta ket luan rang 

He qua 4.2.2. (Trung binh hinh hoc la Gidi han) Cho aq, • • • ,x n > 0. Khhi do, 


, - ,. (X\ + ■ ■ ■ + x n 

t/aq ■ ■ ■ x n = hm - 


Dinh ly 4.2.3. (Bat ding thde RMS-AM-GM-HM) Vdi moi aq , • • • ,x n > 0, ta co 

lx i 2 H- b x n 2 ^ aq -\ - b aq, - -^ n 

- > - > \/X\ ■ ■ ■ x n > -j-- y- 
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4.3 Bat dang thufc Troi 

Ta noi rang mot vector x = (xi, • • • , x n ) troi hdn mot vector khac y = (t/i, • • • , y n ) neu 

(1) xi > ■ ■ ■ > x n , yi > ■ ■ ■ > y n , 

(2) xi +-h Xk > yi + ■ ■ ■ + yk vdi moi 1 < k < n — 1, 

(3) Xi H-h x n = 2/1 H- Yy n . 

Dinh ly 4.3.1. (Bat ding thdc Troi) Cho f : [a,b] —» M la ham loi. Chting to 

§%,••• , x n ) majorizes (t/i, • • • , y n ), trong do xi, - ■ ■ , x n , yi, ■ ■ ■ , y n G [a, b]. Khi do, ta dude 

f(x l) + • • • + /(in) > f(yi) + • • • + f(y n ). 

Vi du, ta co the cite tieu cosxl + cos B + cos C , trong do ABC la tarn giac nhon. Nhd lai 
rang — cosx loi tren (0, |). Vi (|, f, 0) troi (A, B, C ), bat dang thtfc troi chi ra 

cos 4 + cos B + cos C > cos + cos j + cosO = 1. 

Cung co, trong tarn giac ABC , tmh loi cua tan 2 (|) tren [0,7r] va bat dang tlnic troi chi ra 

21—12\/3 = 3tan 2 < tan 2 ^^j+tan 2 ^^Q+tan 2 < tan 2 ^^+tan 2 0+tan 2 0 = 1. 

(IMO 1999/2) Cho n la so nguyen n> 2. 

Hay xac dinh hang nho nhat C sao cho bat dang tlnic 

53 x.xAx^)<c(Y, x t] 

1 <i<j<n \1 <i<n / 

dung vdi moi so thife x\, • • • , x n > 0. 


Cach giai 2. (Kin Y. Li 1 ) Nhif trong each giai dau tien, sau khi chuan hoa x\-\ - \-x n — 1, 

ta lay cite dai 

x iXj {x . 2 + x)) = f ( Xi ), 

1 <i<j<n i 1 

trong do f(x) = x 3 — x 4 la ham loi tren [0, |]. Vi bat dang tlnic doi xiing, ta co the gidi han 
trong trifdng hop x\ > x 2 > • • • > x n . Neu \ > x\, khi do ta thay rang | } 0, • • • 0) troi 
(xi, ■ ■ ■ , x n ). Vi vay, tmh loi cua / tren [0, |] va bat dang tlnic Troi chi ra 

£/(*# .< / Q) #• t Q )+m +. +m -1 

1 Toi thay doi mot it each giai trong [KYL]. 
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Ta xet tnidng hop khi | > x\. Viet x\ = \ — e vdi e e [0, |]. Ta thay (1 — X\, 0, • • • 0) troi 
(:c 2 : • • • ,x n ). Theo bat dang thilc Troi, ta thay rang 


Y <f( 1 ~ x i) + /(°) +-+ /(°) = / (! - %i) 

i =2 


sao cho 

/C*i) < f( x i)+f (! - ®i) = xi(l-xi)[xi 2 +(l-xi) 2 ] = Q - e 2 ^ Q + 2e 2 ^ = 2 ^ - e 4 ^ < 

□ 
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4.4 Bat dang thufc ap dung difcfng thang 

Co mot each don gian de tim ra can mdi cho ham kha vi da cho. Ta bat dau chdng to moi 
ditdng thang tiep tuyen tron ngd canh sau. 

Menh de 4.4.1. (Dac tmh cua ditdng thing supporting) Cho f la ham thitc. Cho 
m,n6l. Gia sit 

(1) f(a ) = ma + n vdi a E M, 

(2) f(x ) > mx + n vdi moi x trong vdi khoang (ei, e 2 ) bao gom a, va 

(3) f kha vi tai a. 

Khi do, dudng supporting y = mx + n cua f la ditdng tiep tuyen cua f tai x — a. 

Chvtng minh. Ta dinh nghla ham F : (ei,e 2 ) —> M bang F(x) = f(x) — mx — n vdi moi 
x e (ei, e 2 ). Khi do, F kha vi tai a va ta ditOc F\a) = f'(a) — m. Do gia sd (1) va (2), ta thay 
F co cite tieu dia phildng tai a. Vi the, dinh ly dao ham dau tien cho cac gia tri cite tri dia 
phrfdng chi rang 0 = F'(a) = f'{a)—m sao cho m — /'(a) van = f(a)—ma = f(a)—f'(a)a. 
Td do ra suy ra rang y = mx + n = f(a)(x — a) + f(a). □ 

(Nesbitt, 1903) Vdi moi so thrfc ditdng a, b , c, ta cd 

a + b + c > 3 
b + e c — a a — b 2 ’ 


Chiing minh 13. Ta chuan hoa a + b + c — 1. Chu y 0 < a, b, c < 1. Bai toan bay gib chdng 
minh 


cyclic 




trong 0 f(x) = ~—• 


Phvtdng trinh cua ditdng tiep tuyen cua f tai x — | duoc cho bdi y = Ta noi rang 

f(x) > ^4 vdi moi x E (0,1). Ta suy ra tit dang thvtc 


f( x ) ~ ~ 


(3x — l) 2 
4(1 — x) ' 


Bay gib, ta ket luan rang 

v a \ 9a — 1 9 ^—\ 3 3 

~t 1 — a ~ 4 4 4 2 

cyclic cyclic cyclic 


Phat bieu tren cd the ditdc tdng quat hda. Neu mdt ham / cd ditdng suppdrting tai vai 
diem tren dd thi cua /, khi dd / thda man bat dang thde Jensen’s trdng ngd canh sau. 

Dinh ly 4.4.1. (Bat ding thufc ditdng Supporting) Cho f : [a,b] —* M la mot hamn. 
Gia sit a E [a, b] va m e M thda man 

f(x) > m(x -a) + f(a) 
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vdi moi x e [a, b]. Cho oji, ■ ■ ■ , u n > 0 vdi uji + - \-u n = l. Khi do, bat dang thtic sau xay 

ra 

wi/(xi) ■ •+u n f{x n ) > /(«) 

vdi moi xi, ■ ■ ■ , x n e [a, b] sao cho a = u\Xi +-b 0 J n x n . Dae biet, ta dUUc 

f(xi) + • • • + f(x n ) > /s\ 

n ~ ^ \n/ ’ 

trong do x i, • • • , x n e [a, 6] vdi x\ — • • • • .r„ .s vdi s E [na, nb ]. 

Chting minh. Ta suy ra tb u)if(xijA~»} • J rio n f{x n ) >u>i[m(xi-a) + f(a)]-\ -b^i [m(x n — 

«) + /(«)] = /(«)■ □ 

Ta co the ap dung bat dang thtfc dudng supporting de dan ra bat dang tlihc Jensen doi 
vdi cac ham vi phan. 

Bo de 4.4.1. Cho f : (a, b) —> M la ham loi sao cho kha vi hai Ian tren (a, b). Cho y = l a {x) 
la dudng tiep tuyen tai a e (a, b). Khi do, f(x) > l a (x) for all x e (a, b). 

Chdng minh. Cho a e (a, b). Ta muon chrfng to drfdng tiep tuyen y — l a (x) — f'(a)(x — 
a) + f(a) la dudng supporting cua / tai x — a sao cho f(x) > l a (x) vdi moi x e (a, b). Tuy 
nhien, theo dinh ly Taylor, ta thay 6 X giUa a va x sao cho 

f(x) = f(a) + f'(a)(x -a) + - a) 2 > f(a) + f{a)(x - a). 

□ 


(Bat dang thde Jensen co trong) Cho / : [a, b] —> M la ham loi lien tuc sao 
cho kha vi hai lan tren (a, b). Cho u>i, • • • , u> n > 0 vdi u\ + • ^4% u n = 1. Vdi moi 
%.,••• , x n e [a, b], 

Wi/(xi) H-h Unf(x n ) > f{u 1 -hw„r n ). 

Chdng minh 3. Do tmh lien tuc cua /, ta co the gia sh x±, ■ ■ ■ , x n e (a, b). Bay gib, cho 
H = u\ x\ + • • • + oj n x n . Khi do, fi e (a,b). Theo bo de tren, / co dudn tiep tuyen 
y = l lt (x) — f(ff)(x — n) + f(n) tai x = n satisfying f(x) > ln(x) vdi moi x E (a, b). Vi vay, 
bat dang tliiic dudng supporting cluing to rang 


Wl/(xi) +-1- W n f(x n ) > Uxf(tf) +-h Unfiti) = f (fJ>) = f (u l Xi +- \-<JJ n X n ). 


□ 

Ta chu y rang ham cosine loi tren [0, |] va lorn tren [§,7r]. Ham khong loi tren co the 
loi dia phuong va co cac dudng supporting tai vai diem. Dieu nay co nghla la bat dang thile 
dudng supporting la cong cu rat hay vi chung ta co the sinh ra cac bat dang thile loai-Jensen 
th cac ham khong loi. 

(Dinh ly 6) Trong tarn giac ABC , ta co cos A + cos B + cos C < |. 
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Chting minh 3. Cho f(x) = —cosx. Muc dich cua chung ta la thiet lap bat dang tlnlc ba 

trong do A,B,C& (0, n) vdi A + B + C — n. Ta tmh f'(x) = sin x. Phrfdng trinh difdng tiep 
tuyen cua / tai x — | la y = ^ (x — |) — De ap dung bat dang tlnlc dudng supporting, 
ta can cluing minh 

1 

" 2 

vdi moi x e (0,7r). Day la bat dang tlnlc mot-bien! Ta ket thuc cluing minh. □ 

Bai toan 33. (Nhat 1997) Cho a, b, va c la cac so ducfng. Chilng minh rang 


V3 f w\ 


(b + c — a) 2 
(b + c) 2 + a 2 


(c + a — b) 2 (a + b — c ) 2 >3 

(c + a) 2 + b 2 (a + b) 2 + c 2 — 5’ 


CMng minh. Vi tmh thuan nhat cua bat dang tlnlc, ta co the chuan hoa a + b + c = 1. Ta 
co til 


(1 - 2a) 2 (1 - 2b) 2 (1 - 2c) 2 ^ 3 1 1 1 ^ 27 

(1 -a) 2 + a 2 + (l -b) 2 + b 2 + (l -c) 2 + c 2 ~ 5 ^ 2a 2 - 2a + l + 26 2 -2 b+ l + 2c 2 - 2c+ 1 “ T' 


Ta thay rang phrfdng trinh drfdng tiep tuyen cua f(x) — ^^xM 

1 ^ + 1 


f( x ) 


54 27 \ 

2h X + 25 ) ~ 


2(3x — 1) 2 (6x + 1) ^ 
25(2x 2 — 2x + 1) “ 


at x = | cd dang y = 


0 . 


vdi mpi x > 0. Ta suy ra 


E /(») - 


E 


27 
5 ' 
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ChUGng 5 


BAi Toan 


Moi bai toan toi giai trd thanh dink ly, no phuc vu cho vice giai cac bai toan khac. Rene Descartes 


5.1 Cac bat dang thufc da bien 

M 1. (IMO short-list 2003) Cho {x\,x 2 . • • • ,x n ) va ( 2 / 1 , 2 / 2 , - - • , t/ n ) la hai day so thitc 
dvtdng. Gia sit (zi, z 2 , ■ ■ • , z n ) la day so thitc dvtdng sao cho 

z i+j 2 > XiVj 

vdi moi 1 <i,j<n. Cho M = max{z 2 , • • • , z 2n }. Chvtng minh 

^ M + z 2 -\ -+ z 2n ^ 2 > + • • • + x n ^j ^ yi + • • • + y n ^j 


M 2. (Bosnia va Herzegovina 2002) Cho ai, • • • , a n , &i, • • • , b n , pi,• • • 

dvtdng. Chvtng minh bat dang thitc sau: 





, c n la cac so thitc 


M 3. (C^llS, Marcin E. Kuczma) Chvtng minh 




aibi 
a^ + bi 


vdi moi so thitc dvtdng • • • , a n , 61 , • • • ,b n 

M 4. (Yogoslavia 1998) Cho n > 1 la cac so dvtdng va ai, - ■ ■ , a n , 61 , • • • ,b n la cac so thitc 
dvtdng. Chvtng minh. 

| ^ aibj | > ^ aiaj ^ bjbj. 

V *¥=j / 

‘CRUX with MAYHEM 
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M 5. (C2176, Sefket Arslanagic) Chvtng minh 

((ai + b\) ■ ■ ■ (a n + b n ))» > (oi • • • a n ) « + (&i • • • b n )« 
trong do ai, - ■ ■ , a n , 61 , • • • , b n > 0 

M 6. (Korea 2001) Chvtng minh x,\, ■ ■ ■ ,x n va yi,- ■ ■ , y n la cac so thitc thoa man 

X\ 2 H- 1 - x n 2 — yi 2 4 -h y n 2 = 1 


Chvtng to 


1 - X XiV « 


> (xij/ 2 - x 2 yi) 2 


khi nao dang thvtc xay ra. 


M 7. (Singapore 2001) Cho a\, ■ ■ ■ , a n , bi, ■ ■ ■ ,b n la cac so thitc ditcfng trong 1001 va 2002. 
Gia sit 


E “< 2 = E *< 2 


Chvtng minh rang 


X/ a, - i n X Q 


K/ii nda dang thitc xay ra. 

M 8. (Bat ding thufc Abel) Cho a 1: ■ ■ ■ , a N , X\, ■ ■ ■ ,x N la cac so thitc vdi x n > x n+1 > 0 
vdi moi n. Chvtng minh 

|aiXi + • • ■ + a^XN | < Axi 


trong do 


A = max{\ai\, |ai + a 2 |, • • • , |ai H-b ajv|}- 


M 9. (China 1992) Vdi mdi so nguyen n> 2 hay tim so dvtdng nho nhat A = A(n) sao cho 
neu 

0 < ai,••• , a n — 2 ’ ’ ’ ’ ’ bn ^ 0, Oi + • • • 4- a n — b± + • • • + b n — 1 

khi do 

b\---b n < A(ai&i + • • • + a n b n ). 


M 10. (C2551, Panos E. Tsaoussoglou) Gia svt rang ai, ■ ■ ■ ,a n la cac so thitc dvtdng. 
Cho ej }k = n — 1 neu j = k va e^ k = n — 2 ngitdc lai. Cho dj tk = 0 neu j = k va dj >k = 1 
ngitdc lai. Chvtng minh rang 


En 
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M 11. (C2627, Walther Janous) Cho xi,*-- ,x n (n > 2) la cac so thtic dUdng va cho 
Xi + • • • + x n . Cho «!,••• , a n /a cac so thuc khong dm. Hay xac dinh hang toi Uu C(n) sao 
cho 


- aj(s n ~ Xj) 


> C{n) 



M 12. (Cuoc thi vo dich Toan gitfa Hungary-Israel nam 2000) Gia sti rang k va l 
la hai so nguyen dUdng cho trudc va a l3 (1 < i < k, 1 < j < l) la cac so nguyen dUdng cho 
trade. Chting minh rang neu q> p > 0 , khi do 




M 13. (Bat dang thtte Kantorovich) Gia sti x\ < ■ ■ ■ < x n la cac so dUdng cho trvtdc. 
Cho Ai, • • • , A n > 0 va X\ + ■ ■ ■ + A n = 1. Chting minh rang 




')(££) 


A 2 
~ G 2 ’ 


trong do A = X1 + Xn va G = ^x\x n . 

M 14. (Czech-Slovak-Polish Match 2001) Cho n>2 la cac so nguyen. Chting minh 
(ai 3 + l)(a 2 3 + 1) • • • (a n 3 + 1) > (ai 2 a 2 + l)(a 2 2 a 3 + 1) • • • (a n 2 ai + 1) 
vdi moi so thtic khong dm a l7 ■ ■ ■ ,a n . 

M 15. (C1868, De-jun Zhao) Cho n > 3, ai > a 2 > ■ ■ ■ > a n > 0, va p > q > 0. CMng 
minh 


aCa^ + a 2 p a 3 ^ + • • • + a n _i p a n g + a n p aA aCa 2 p + a^a^ + ■ • • -b a n _C l a n p A a n ? a i p 
M 16. (Baltic Way 1996) Vdi cac so dUdng a, b. Chting minh rang 

xix 2 + x 2 x 3 H-b x n _ix„ + x n xi > xi a x 2 x 3 a + x 2 a x 3 b X 4 a H-b x n a xi b x 2 a 

vdi moi n > 2 va cac so thitc dvCdng xi, • • • , x n . 

M 17. (IMO short List 2000) Cho xi,x 2 , • • • , x n la cac so thitc tuy y. Chdng minh rang 
X\ x 2 x n j- 

1 + Xi 2 + 1 + Xi 2 + X 2 2 + + l + Xi 2 H- \-x n 2< 

M 18. (MM 2 1479, Donald E. Knuth) Cho M n la gia tri Idn nhat cua 

_ Xn __X 2 __ Xj 

(1 + XiH-bx n ) 2 (1 + x 2 H-bx „) 2 (l + x n ) 2 

vdi moi so thitc khong dm (xi, • • • ,x n ). Tai diem nao gia tri cite daixay ra? Hay bieu diin 
M n theo M n _i, va tim lirn^^ M n . 

2 Mathematics Magazine 
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M 19. (IMO 1971) Hay chvtng minh nhan dinh sau day dung vdi n = 3 va n = 5 va sai 
vdi moi so tU nhien n > 2 : neu Oi, •• • ,a n la cac so thitc tuy y, khi do 


n( a ? _ %) - °- 

m 

M 20. (IMO 2003) Cho Xi < x 2 < ■ ■ ■ < x n la cac so thitc. 
(a) Chvtng minh rang 


\1 <i,j<n / 


(b) Chting to rang dang thdc xay ra neu va chi neu Xi, x 2 , ■ ■ ■ ,x n la day so hoc. 
M 21. (Bulgaria 1995) Cho n > 2 va 0 < xi, ■ ■ ■ , x n < 1. Chting minh 

(xi+x 2 -\ - b x n ) - {xix 2 + x 2 x 3 H-b x n xi) < , 

va dang thdc khi nao xay ra. 

M 22. (MM1407, M. S. Klamkin) Hay xac dinh gia tri Idn nhat cua tong 

xi p + x 2 p H-b x n p - x\ q x 2 - x 2 q x 3 - x n q xi , 

trong do p, q, r la cac so thoa p>q>r>OvaO<Xi<l vdi moi i. 

M 23. (IMO Short List 1998) Cho ai,a 2 , • • • , a n la cac so thitc ditclng sao cho 
01 + 02 + ''' + a n < 1. 

Chitrig minh 


a\a 2 ■ ■ ■ o n (l — (ai + 02 + ''' + o n )) 


1 


(ai + a 2 H-b o n ) (1 - Oi) (1 - o 2 ) •• • (1 - a n ) ~ n n+l ' 

M 24. (IMO Short List 1998) Cho ri,r 2 , • •• ,r„ la cac so thitc diiOng > 1. Chting minh 
1 1 n 

- + ‘ ‘ • + - ^ -i-• 

fi + 1 r n + l (n • • • r„)» + 1 

M 25. (Baltic Way 1991) Chting minh, vdi bat ky so thitc oj, • • • , a n , 

V—v OjOo 


i+j-1 " 


1 <ij<n 

M 26. (India 1995) Cho x 3 ,x 2 , ■ ■ ■ ,x n la cac so thitc dvtcfng co tong bang 1. Chitng minh 


- - 1 -+ -- 

1 — Xi 1 — x n 
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M 27. (Turkey 1997) Cho n>2, Tim gia tri nho nhat cua 


xT 


x 2 


x 2 + x 3 H- \-x n x 3 H- 1 - x n + Xx x x + x 3 H-b x n _i 

vdi cac so thitc ditdng Xx, ■ ■ ■ ,x n subject tdi dieu kien Xi 2 + ■ ■ • + x n 2 = 1 . 

M 28. (China 1996) Gia sd n e N, x 0 = 0, xi, ■ ■ ■ ,x n > 0, va Xi ~- - \- x n = 1. CMng 

minh 




< - 


“ \J 1 + Xo H-h Xi-xy/xi H - \-x n ' 2 

M 29. (Vietnam 1998) Cho Xx, • • • ,x n la cac so ditdng sao cho 


1 


1 


1 


Chiing minh 


xx + 1998 x n + 1998 1998' 

>1998 


n — 1 

M 30. (C2768 Mohammed Aassila) Cho Xx, — - i x n ben la cac so thitc ditdng. CMng 
minh 


= + - 


= + ••• + - 


\JxxX 2 + x 2 2 \Jx 2 x 3 + x 3 2 Vx n Xx + Xx 2 V2 

M 31. (C2842, George Tsintsifas) Cho xx, ■ ■ ■ ,x n la cac so thitc ditdng. CMng minh 

(a) + >2, 


w 


Xx 


xj#-b x n 

(Xl • • -X n )n 


> 1 . 


Xx ■ ■ ■ x n X-iJfki * —I - x n 

M 32. (C2423, Walther Janous) Cho Xx,’" , x n (n > 2) la cac so thitc ditdng sao cho 
x x -\ -+ x n = 1. CMng minh 


1 + - 


1 + - 


n — Xx 
1 — Xx 


n — x r 
l — x n 


Khi nao dang thdc xay ra. 

M 33. (C1851, Walther Janous) Cho Xx,-- - ,x n {n > 2) la cac so thitc ditdng sao cho 
that 

Chiing minh 


Xx +-b x n = 1- 

2 \fn — 1 ^—\ 2 + X{ ^ 2 \fn + 1 

5 y/n —1~ 5 + Xi 


5 + Xi 5 xfn + 1 

M 34. (C1429, D. S. Mitirinovic, J. E. Pecaric) CMng to rang 


- < n — 1 


pf xr + x i+ xx i+2 

trong do x i, • • • , x n are n>3 la cac so thdc ditdng. Di nhien, x n+ x = xx,x n+2 — x 2 . 
3 BM toan goc la chiing to sup X)'/—i ii'i+i = n — 1. 
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M 35. (Belarus 1998 S. Sobolevski) Cho ai < a 2 < • • • < a n la cac so thtic dUdng. 
Cluing minh cac bat dang thitc 


(«) X" 

ai 

( 6 ) — 


- — a n n 


2k cti + • • • + a n 


- + 1 + k 2 n 

trong do k = 

M 36. (Hong Kong 2000) Cho a\ < a 2 < • • • < a n la n so thitc sao cho 

= 0 . 

Cluing to 

ai 2 + ci2 2 + • • • + ct n 2 “I - na\a n ^ 0. 

M 37. (Poland 2001) Cho n > 2 la so nguyen. Chitng minh 




vdi moi so thitc khong dm x\, ■ ■ ■ , x n . 

M 38. (Korea 1997) Cho a\, ■ ■ ■ ,a n la cac so ditdng, va dinh nghia 
a\ +*••-!- a n 


A= - 

(a) Neu n chan, cluing to 

(b) Neu n le, cluing to 


;G= (Ol • • *n)” , H = - 


A- ■ + 7T 


A (A 

h ^- 1 + 2 (g 


A < _n-2 2(n — 1) /A 

H ~ n n \G 


M 39. (Romania 1996) Cho Xi, ■ ■ ■ ,x n ,x n+1 la cac so thitc ditdng sao cho 
x n +i — -H a - \-x n . 

CMng minh 

Y, y/xi(x n + 1 - Xi) < \Jx n . 1 (x„ - Xi) 
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M 40. (C2730, Peter Y. Woo) Cho AM{x i, • • • , x n ) va GM{x\. • • • , x n ) Ian Ivtdt ky hieu 
la trung binh so hoc va trung binh hinh hoc cua cac so ditdng x u ■ ■ ■ ,x n . Cho cac so thitc 
ditdng a Xr - ■ ■ , a n , bi, ■ ■ ■ , b n , (a) chvtng to 


GM(a i + 61 ,■■■ ,a n + b n )> GM(a u ■■■ ,a n ) + GM(b u ■■■,&„). 
vdi mdi so thitc t > 0 . dinh nghla 

f (t) = GM(t + bi, t + ■ > t -f" &n) — t 

(b) Chting minh rang f la ham, tang ddn dieu va rang 

Urn f(t) = AM(bi, ■ ■ ■ ,b n ) 

M 41. (C1578, O. Johnson, C. S. Goodlad) Vdi mdi so thitc dUdng xac dinh a n , cite 
dai hoa 

a\a 2 ■ ■ ■ a n 

(1 + Oi)(ai + 02X^2 + Q3) ' ' ' ( a n-l + a n) 

vdi moi so thitc ditdng <%, **• , a n _ 1 . 

M 42. (C1630, Isao Ashiba) Cue dai hoa 


a\02 + 0304 + • • • + a2n-\0‘2n 


vdi moi hoan vi ai, ■ ■ ■ , a 2n of the set { 1 , 2, • • • , 2 n} 

M 43. (C1662, M. S. Klamkin) Chiing minh rang 

Xi 2r+1 T ^r+l rrJir+l 41 


> 


- Xi 


s — x 2 


- x n (n— 1 )n 2t 


Y {x\X 2 + x 2 x% +-b x n xf) r 


trong do n > 2>, r >\, Xi>t) vdi moi i, va s = x i + • *l4b- x n . Cung vay, hay tim cac gia tri 
n va r sao cho bat dang thvtc la sharp. 

M 44. (C1674, M. S. Klamkin) Cho cac so thitc ditdng r, s va so nguyen n > ~ s , tim cac 
so thitc ditdng x\,--- ,x n tim cite tieu 

( - 1 -b • ■ ■ H-J (1 + a?i) s (l + x 2 ) s ■ ■ ■ (1 + x n ) s . 

x 2 r x n r J 


M 45. (C1691, Walther Janous) Cho n> 2. Xac dinh can tren cua 

Xl x 2 x n 

-- H-— + • • ■ H-— 

X2X3 ■ ■ ■ X n + 1 X1X3 ■ ■ ■ X n + 1 X\X 2 ■ ■ ■ X n -\ + 1 

vdi moi Xi, ■ ■ ■ , x n e [ 0 , 1 ]. 

M 46. (C1892, Marcin E. Kuczma) Cho n > 4 la mot so nguyen. Tim can tren la can 
d'utdi chinh xac cua tong cyclic 


v > Xi 

Xi -1 + Xi + X i+ i 

vdi moi n-bo cac so khong dm x 1 , ■ ■ ■ ,x n sao cho Xi-i + Xi + x l+x > 0 vdi moi i. Di nhien, 
x n+ i = Xi, Xq = x n . Characterize all cases in which either one of these bounds is attained. 
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M 47. (C1953, M. S. Klamkin) Hay xac dinh dieu kien can va du theo cac hang thitc 
ri, • • • ,r n sao cho 

x 2 + x 2 H-1- x n 2 > (nx i + r 2 x 2 H-h r n x n ) 2 

xay ra vdi moi so thitc x\, ■ ■ ■ ,x n . 

M 48. (C2018, Marcin E. Kuczma) Bao nhieu hoan vi (xi, • • • ,x n ) cua {1,2, ••• , n} 
sao cho tong cyclic 

\x\ - x 2 \ + \x 2 - x 3 | H-b \x n -i - x n \ + \x n - Xi\ 

la (a) cite tieu, (b) cite dai? 

M 49. (C2214, Walther Janous) Cho n > 2 la mot so tit nhien. Chitng to ton tai mot 
hang C = C(n) sao cho vdi moi Xi, - ■ ■ ,x n > 0 ta co 

nr*+o 

i=l \ i=1 

Hay xac dinh gia tri cite tieu C{n ) vdi vdi gia tri n. (Vi du, (7(2) = 1.) 

M 50. (C2615, M. S. Klamkin) Gia sit x i, • • • ,x n la cac so khong dm sao cho 


trong do cac tong d tren doi xitng theo bo cac {1, • • • 

(a) Xac dinh gia tri Idn nhat cua Y2 x t . 

(b) Chitng minh hay bac bo cite tieu cua Xi la 


,n}. 


M 51. (Turkey 1996) Cho cac so thitc 0 = Xi < x 2 < ■ ■ ■ < x 2n , x 2n+ i — 1 vdi x i+1 —Xi < h 
for 1 <i<n, sao cho 


1 -h 
2 


< ^2 X 2i(^2i+l - Xm-i) < 


1 + h 
2 


M 52. (Poland 2002) Chitng to rang vdi mdi so nguyen n > 3 va mdi day so ditefng 
Xi, ■ ■ • ,x n it nhat mot trong hai bat dang thitc thoa : 


v > Xi 

jrf x m + x i+2 


V > Xi 

2 —^ Xi-I + Xi -2 


6 day, x n+ i = Xi,x n+2 — x 2 ,x g = x n ,x_i = x n - \. 

M 53. (China 1997) Cho Xi, ■ ■ ■ ,x ig97 la cac so thitc thoa man cac dieu kien sau: 


1 

V 5 


^ X \, ' ' ' , 2-1997 — "s/3, X \ X1997 — —318V^3 


Hay xac dmh gia tri cite dai cua Xi 12 H-+ Xi 997 12 . 
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M 54. (C2673, George Baloglou) Cho n > 1 la so nguyen. (a) Chvtng to 
(1 + oi • • • a n ) n ^ fl] • • • o n ( 1 + ai n 2 ) • • • (1 + ai n 2 ) 

moz oi, • • • , a n e [1, oo) neu va chi neu n> 4. 

(b) Cluing to 


7 + - 


ai(l + a 2 n 2 ) 02(1 + 03” 2 ) 


+ ••• + 


o n (l + ai n 2 ) 1 + Oi • • • o n 


?;4z m<5z oi, • • • , a n > 0 neu va chi neu n < 3. 

(c) Cluing to 

1 1 1 n 

ai(l + Oi” -2 ) + a 2 (l + a 2 n_2 ) + + a n (l + a n n ~ 2 ) “ 1 + ai • • • a n 

vdi moi oi, • • • , a n > 0 neu va chi neu n < 8. 

M 55. (C2557, Gord Sinnamon,Hans Heinig) (a) Chting to day cac so dvtdng {xi} 

(b) Bat dang thitc tren vdn dung khi khong co he so 2 khong? (c) Hang c toi thieu la bao 
nhieu khi thay vao he so 2 trong bat dang tlulc tren? 

M 56. (C1472, Walther Janous) Vdi mdi so nguyen n > 2, hay tim hang Idn nhat C n 
sao cho ^ 

C n ^ 10*1 < {at — Oj| 

1 ==}. 1 <i<j<n 

vdi moi so thitc a±, ■ ■ ■ ,a n thoa man ^”=1 a * = 0. 

M 57. (China 2002) Cho c e (|, l). Tim hang nho nhat M sao cho, vdi bat ky so nguyen 
n>2va cac so thitc 1 < ai < o 2 < • • • < a n , if 


- < cj^a k , 


M y^ka k , 


trong do m la so nguyen Idn nhat va khong Idn hdn cn. 

M 58. (Serbia 1998) Cho x\,x 2 , • • • ,x n la cac so dvtdng sao cho 
x\ + x 2 -\ -f- X n — 1. 

Cluing minh bat dang tluic 

a Xl ~ X2 a X2 ~ x 3 a xn-xx n 2 

--)_ - + • • •- + — , 

Xi + x 2 x 2 + £3 x n + Xi 2 

dung vdi mdi so thitc dvtdng a. Xac dinh dang thvtc xay ra khi nao. 


76 



M 59. (MM1488, Heinz-Jurgen Seiffert) Cho n la so nguyen ditdng. Chitng minh rang 
neu 0 < Xi < x 2 < x n , thi 

n< is ») (zn^) >2>+i) 

dang thtic xay ra khi va chi khi x% — ■ ■ ■ — x n — 1. 

M 60. (Leningrad Mathematical Olympiads 1968) Cho ai,a 2 ,-- - , a p la cac so thuc. 
Cho M = max S va m = minS. ChUng minh rang 

n 2 

{p — l)(M — m)< ^ \ai — aj\ < ^(M — m) 

1 <i,j<n 

M 61. (Leningrad Mathematical Olympiads 1973) Hay thiet lap bat dang thvtc sau 

±*~ (£)(‘—(£))4 

i =0 

M 62. (Leningrad Mathematical Olympiads 2000) Chitng minh rang, vdi moi 0 < 

Xl < X2 < ■ ■ ■ < X n , 

y 2 . + _^ x ni x 1 + 

X 3 X 4 X 2 x 2 ~ “ 


M 63. (Mongolia 1996) Chitng minh, vdi moi 0 < a 4 < a 2 < ... < a n , 


oi + Cb 2 \ / a 2 + a 3 


)( ! 


a n + Oi 


ai + a 2 + a 3 \ f a 2 + a 3 + a 4 


»)( ! 


77 



5.2 Cac bai toan trong hoi thao Putnam 

P 1. Putnam 04A6 Gia sit f(x, y) la ham, thiic lien tuc tren hinh vudng dan vi 0 < x < 
I, 0 < y < 1. Chiing mink 

L Uo ^ x,y ^ dx ) dy+ f 0 (/ f( x 'y) d y} dx 

<( [ [ f(x,y)dxdy] + f [ ( f{x,y)) 2 dxdy. 

\J 0 Jo / Jo Jo 

P 2. | Putnam 04B2 Cho m van la cac so nguyen duang. Cluing minh rang 

(m + n)\ m\ n\ 

{m + n) m+n m m n n ' 

P 3. Putnam 03A2 Cho ai, ..., a n va bi, 6 2 , • • •, b n la cac so thitc khong dm. Chiing 
minh 

(aia 2 • • • a n ) l ^ n + (&i& 2 • • • b n ) 1 ^ n < [(ai + 6i)(a2 + • • • ( a n + 6 n )] 1//n . 

P 4. | Putnam 03A3^ Tim gia tri cite tieu cua 

| sin x + cos x + tan x + cot x + sec x + esc x\ 

vdi cac so thitc x. 

P 5. | Putnam 03A4 | Gia sit rang a, b , c, A, B, C la cac so thiic, a ^ 0 va A ^ 0, sao cho 
\ax 2 + bx + c\ < \Ax 2 + Bx + C\ 
vdi moi so thitc x. Chiing minh 

\b 2 — 4ac| < \B 2 — dAC\. 

P 6. | Putnam 03B6 | Cho f(x) la ham so thiic lien tuc xac dinh tren khoang [0,1]. Sao cho 

\f(x) + f(y)\dxdy> [ \f(x)\dx. 

Jo 

P 7. | Putnam 02B3] Chiing minh rang, vdi moi so nguyen n > 1, 

1 

ne 

P 8. Putnam 01 A6~| Mot cung cua parabol co the nam trong mot dvtdng tron ban kinh 1 
co chieu dai Idn hdn 4 ? 

P 9. | Putnam 99A5 | Chiing minh rang ton tai mot hang C sao cho, neu p(x) la mot da 
thiic bac 1999, khi do 

|p(0)| < C J \p{x)\dx. 


1 

2 ne 
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P 10. | Putnam 99B4 | Cho f la ham thitc dao ham bac ba lien tuc sao cho f(x),f'(x), f"{x), f"{x) 
la cac so dvtdng vdi moi x. Gia sit f"(x) < f(x) vdi moi x. Chiing minh rang fix) < 2 f{x) 
for all x. 

P 11. Putnam 98B4] Cho a m>n ky hieu he so cua x n trong khai triin cua (1 + x + x 2 ) m . 
Chiing minh rang vdi moi so nguyen k > 0, 

LfJ 

0 < Ya k -i,i < 1. 

i =0 

P 12. | Putnam 98Bl] Tim gia tri nhd nhat cua 

( x + 1 ) 6 -( x 6 + ^)-2 

(•f - ’ ) 3 ~ (• r3 - iO 

for x > 0. 

P 13. | Putnam 96B2] Gluing minh rang vdi moi so nguyen dUdng n, 


< 1 ■3-5---(2n - 1) < 


P 14. Putnam 96B3 | Cho {xi,x 2 ,..., x n } = {1,2,..., n}, tim, bang chitng minh, gia tri 
Idn nhat co thi, nhit mot ham cua n (vdi n > 2), cua 


xix 2 + x 2 x 3 H-h x n -ix n + x n xi. 

P 15. | Putnam 91B6 Cho a vab la cac so ditcfng. Hay tim so Idn nhat c, dudi dang cua 
a va b, sao cho 

sinhwx ,sinhM(l — x) 

a x b l ~ x < a—— + b -Hr-- 

sinh u sinh u 

vdi moi u vdi 0 < \u\ < c va vdi moi x, 0 < x < 1. 

P 16. (CMJ 4 416, Joanne Harris) Vdi gia tri nao cua c sao cho 
e x + e~ x cx 2 


vdi moi x thytc? 

P 17. (CMJ420, Edward T. H. Wang) Ta di thay rang [Daniel I. A. Cohen, Cac ky 
thuat cd ban trong Ly thuyet To hdp, trang.56] 2 n < ( 2 ") < 2 2n vdi moi so nguyen n > 1. 
Chiing minh rang cac bat dang thvtc manh Idn 

2 2n_1 / 2n\ 2 2n 
fn V n) fn 


xay ra vdi moi n > 4. 
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P 18. (CMJ3T9, Mohammad K. Azarian) Cho x la so thuc bat ky. CMng minh 


(1 — cosx ) 


T: sin (kx) 


F cos(kx) 


P 19. (CMJ392 Robert Jones) CMng minh rang 


-i) (* sin s) 


> 1 /or x > 


V5' 


P 20. (CMJ431 R. S. Luthar) Cho 0 < 4> < 9 < |. CMng minh rang 

[(1 + tan 2 0)( 1 + sin 2 0)] csc2< ^ < [(1 + tan 2 9)( 1 + sin 2 0)] csc261 . 

P 21. (CMJ451, Mohammad K. Azarian) Chvtng minh rang 
7r sec a cos 2 a + tt csc a sin 2 a > 7r 2 , 


provided 0 < a < |. 

P 22. (CMJ446, Norman Schaumberger) Neu x, y, va z la so do cac goc cua mot tarn 
giac (khong suy bien), chvtng minh rang 


3 111 

7rsm — >xsin — r y sm — z sni . 

7 t x y z 

P 23. (CMJ461, Alex Necochea) Cho 0<x<|wi0<y<l. CMng minh rang 


x — arcsin y < 




bat dang thtic xay ra khi va chi khi y = sinx. 

P 24. (CMJ485 Norman Schaumberger) CMng minh rang 

(1) neu a>b> 1 hay 1 > a > b > 0, thi a bb b aa > a ba b ah ; va 

(2) neu a > 1 > b > 0 ? thi a bb b aa < a ba b ab . 


P 25. (CMJ524 Norman Schaumberger) Cho a, b, va c la cac so thiCc dvCdng. CMng 
minh 



(¥)(¥)' 


> b a c b a c . 


P 26. (CMJ567 H.-J. Seiffert) CMng minh rang vdi moi so thiCc dUdng phan biet x va 

y, 


x-y < x + y 

V 2 j 2sinhgf 2 

P 27. (CMJ572, George Baloglou va Robert Underwood) CMng minh hay bac bo 

rang vdi 9 e (-f, f), cosh 9 < 
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P 28. (CMJ603, Juan-Bosco Romero Marquez) Cho a vab la cac so thiCc dUdng phan 
biet va cho n la so nguyen dUdng. CMng minh 

a + b ^ J b n+1 — a n+l ^ n l a n + b n 

~ 2 ~ ~ y (n + l)(6-a) “ V 2 ' 

P 29. (MM 5 904, Norman Schaumberger) Cho x > 2, cMng minh 



P 30. (MM1590, Constantin P. Niculescu) Vdi a, 0 < a < | cho trUdc, hay xac dinh 
gia tri nho nhat cua a > 0 va gia tri Idn nhat cua (3 >0 vdi 

/x\ a < sinx < /x\P 
\aJ “sin a ~ \aJ 

(Tong quat hoa thi trd thanh bat dang tMc quen thuoc Jordan ^ < sinx < 1 on [0, |].) 

P 31. (MM1597, Constantin P. Niculescu) Vdi mdi x,y e (0, -y/f) vdi x ^ y, cMng 
minh rang 

/, 1 — sin xy \ 2 , 1 — sin x 2 , 1 — sin y 2 
\ 1 + sm xy J 1 + sinr 1 + sin y 2 

P 32. (MM1599, Ice B. Risteski) Cho a > (3 > 0 va f(x) = x a (l — x) 13 . Neu 0 < a < b < 1 
va /(a) = f(b), cMng to rang /'(a) < -/'(/?)• 

P 33. (MM Q197, Norman Schaumberger) CMng to rang neu b > a > 0, thi (|)° > 
V - (!)*■ 


P 34. (MM1618, Michael Golomb) CMng to rang 0 < x < n, 


7 T — X . / X\ 7T - X 

x - < smx < 3- x -. 

7T + X V 7T/ 7T + X 


P 35. (MM1634, Constantin P. Niculescu) Hay tim hang nho nhat k > 0 sao cho 


ab 


be 


a b -\- 2c b + c + 2a c + a + 2b 


< k(a + b + c ) 


vdi moi a,b,c> 0. 

P 36. (MM1233, Robert E. Shafer) CMng minh rang neu x > — 1 va x ^ 0 7 khi do 


l + x + - - 


- < [ln(l + x)] 2 < - 


l + x + - - 


5 Mathematics Magazine 
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P 37. (MM1236, Mihaly Bencze) Cho cac ham so 


fM = 


2n 2 +8x 2 


va g(x ) = 


f va g (Mac xac dinh bdi 
8x 

47T 2 + 7 TX 2 


vdi moi so thiCc x. Chvtng minh rang neu A, B, va C la cac goc cua mot tarn giac nhon, va 
R la ban kmh dudng trdn ngoai tiep tarn giac khi do 

f(A) + f(B) + f(C) < ——— < g{A) + g(B) + g(C). 

P 38. (MM1245, Fouad Nakhli) Vdi mdi so x khoang khoang md (1, e) ta di chvtng to 
rang co mot so duy nhat y trong (e, oo) sao cho ^ = “f • Vdi x va y nh\i vay, chxtng minh 
rang x + y > x In y + y In x. 

P 39. (MM Q725, S. Kung) Chvtng minh rang (sinx)y < sin (xy), trong do 0 < x < n va 
0 < y < 1. 

P 40. (MM 0771, Norman Schaumberger) Chvtnq minh ranq neu 0 < 9 < f, khi do 
sin 20 > (tan#) cos2e> . 
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